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Abstract 

Let {M’^jQo) be a n = 3, 4i 5 dimensional, closed Riemannian manifold 
of positive Yamabe invariant. For a smooth function A > 0 on M we 
consider a scalar curvature flow, that tends to prescribe K as the scalar 
curvature of a metric g conformal to go. We show global existence and 
in case M is not conformally equivalent to the standard sphere smooth 
flow convergence and solubility of the prescribed scalar curvature problem 
under suitable conditions on K. 


Inauguraldissertation zur Erlangung des Doktorgrades 
der Naturwissenschaftlichen Fachbereiche der 
Justus-Liebig-Universitat GieBen 

Supervisor 

Prof. Dr. Quid Ahmedou 


1 


Contents 


1 Introduction 

1.1 Overview and related works. 

1.2 Exposition. 

1.3 Preliminaries and statement of the theorems 

2 Long time existence and weak convergence 

2.1 Long time existence . 

2.2 Integrability and weak convergence .... 

3 The flow near infinity 

3.1 Blow-up analysis. 

3.2 Bubbles and interaction estimates . 

3.3 Degeneracy and pseudo critical points . . . 

3.4 Critical points at infinity. 

3.5 Convergence versus critical points at infinity 

4 Case co=0 

5 Case a>>0 

6 The flow on V(to, p, e) 

6.1 Principal behaviour. 

6.2 Leaving V(cd, p, e). 

6.3 Proving the theorems. 

6.3.1 Proof of theorem [T] . 

6.3.2 Proving theorem [5] . 

6.4 A diverging scenario. 

7 Appendix 


2 


iol ISToToTSTooT^Tfri loTI Ico ico ito ito ito ito |i-^ |i-^ (m ,_._._,—, 

ISSJ Ico IlNj Ico Im |h±J 1^ Icji lo la lo lO loo Ito ItJ Icn ICO IMl 































1 Introduction 


1.1 Overview and related works 

We study the problem of prescribing the scalar curvature of a closed Rieman- 
nian manifold within its conformal class, called the prescribed scalar curvature 
problem. Many work has been devoted to this topic in the last decades and we 
refer to 0, m and the references therein for an overview. More precisely we 
consider the problem of conformally prescribing a smooth function RT > 0 as 
the scalar curvature in case the underlying manifold already admits a conformal 
metric of positive scalar curvature. 

The problem has variational structure and solutions of the prescribed scalar 
curvature problem then correspond to critical points of a non negative energy 
functional J, which does not satisfy a compactness criterion known as the Palais- 
Smale condition. So direct variational methods can not be applied. Indeed 
considering a minimizing or more general a Palais-Smale sequence the possible 
obstacle of finding a minimizer or a critical point of the associated energy func¬ 
tional is, what we call a critical point at infinity - a blow up phenomenon, whose 
profile however is well understood [26] . 
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Figure 1: Blow up at infinity and topological contribution 

The problem of prescribing a constant scalar curvature is known as the 
Yamabe problem. In this case the critical energy levels, at which a blow up may 
occur, are quantized. Thus to prove existence of a minimizer, it is sufficient 
to find a test function, whose energy is below the least critical energy level [3], 
[25] . Even, if this is not possible, one can show existence of critical points by 
analysing the critical points at infinity and their topological contribution to the 
underlying space as indicated in the above figure, cf. and m for 

some genuine algebraic topological argument. 
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In addition to these two approaches one may recover solutions by perturba¬ 
tion arguments m, m- 

Besides pure existence results it is a natural idea to find critical points as 
the limit of the gradient flow or more general of a pseudo gradient flow related 
to the energy functional. In this context one has to show long time existence 
and flow convergence with the crucial task being to ensure, that a flow line does 
not escape from the variational space towards a critical point at infinity. In the 
Yamabe case the question of flow convergence reduces to proving, that along a 
flow line, which becomes highly concentrated, the associated will eventually be 
below the critical energy levels, at which blow up may occur, and thus can not 
blow up at all [T3], [TS], [37], |^ . 

When prescribing the scalar curvature however the critical energy levels are 
not necessarily quantized. Nonetheless to show existence of a minimizer one may 
construct a test function with energy strictly below the least critical energy like 
for the Yamabe problem 0, m and one may use as well topological arguments 
to show existence of solutions as critical points a, uni, m, m, m- 

The strategy of finding solutions by starting a flow is more complicated. The 
hrst task is to show long time existence. Secondly one has to prove, that the 
flow or at least one flow line does not converge to a critical point at infinity 
instead of a critical point - the ingredient of quantized energy levels being not 
available. To overcome this deficit one may impose assumptions on the function 
to be prescribed and therefore on the energy functional to be considered, which 
ensure a quantization of the critical energy levels m- 

One may object, that, when using deformations in the context of topological 
arguments, some pseudo gradient flow is always used, so there is nothing new. 
But the freedom of possibly choosing another more suitable pseudo gradient 
flow, in case some lines of a given flow do blow up, as sketched in figure |2l is 
lost, once we limit ourselves to considering one fixed pseudo gradient flow. And 
a priori there is no equivalence in using different flows. 



Figure 2: Suitable deformation to avoid infinity 
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However, if we do not limit ourselves to use pseudo gradient flows with just 
the purpose of finding solutions of the prescribed scalar curvature problem, it is 
of its own interest to describe the asymptotic behaviour of flow lines qualitatively 
- those converging to critical points and those diverging to critical points at 
infinity. And this is the aim of this work within its restrictive setting. 

We would like to point out, that blowing up flow lines are not an unusual 
feature of the prescribed scalar curvature problem. On the contrary only under 
very restrictive assumptions blowing up flow lines can be excluded. 


1.2 Exposition 

We wish to give a quick overview on our main arguments. 

In subsection o we provide the setting of this work, introduce the pseudo 
gradient flow to be considered, its basic properties and state two theorems, that 
provide full flow convergence and solubility of the prescribed scalar curvature 
problem under sufficient conditions on the function K to be prescribed. 

Section [2] is devoted to prove long time existence and weak convergence of 
the first variation dJ along a flow line u in a sense to be made precise. The 
arguments, we use, are straight forward adaptations from the Yamabe setting 
[13], mi; cf. [IT] for a similar reasoning. 

Section 131 describes the flow near infinity. Since a flow line u restricted to any 
time sequence tending to infinity is a Palais-Smale sequence, well known blow up 
and concentration compactness arguments |26j provide a suitable parametriza- 
tion. Namely u can up to a small error term v be written as a linear combination 
of a solution w and finitely many bubbles 

u = aoj + a^Sai,\i + V, i = 1,... ,p, 


where locally around the bubble Sa^^Xi the form 


Sai,Xi{x) = ( 


A. 

1 + \1d{ai,xY 



Thus a blow up corresponds to \i —> oo. 

We then refine the representation by choosing more suitable bubbles <Pai,Xi 
instead of Sai,\i and take care of a possible degeneracy of the representation in 
the spirit of m- Degeneracy in this context refers to the degeneracy of 
Subsequently the representation is made unique by means of a Lyapunow- 
Schmidt reduction, that implies some orthogonality properties of the error term 
V with respect to the solution uj and the bubbles Pai,Xi- In particular we obtain 
smallness of linear interactions of v with w and fai,Xi - a crucial aspect, that 
will enable us to identify the principal forces, that move Aj for instance or a^. 

Finally we show by Lojasiewicz inequality type arguments m,m, that, if a 
flow line is precompact, it is fully compact, thus convergent and this generically 
with exponential speed. 
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In section 0] we then consider the case, that a flow line u near infinity can 
up to a small error term v be thought of as a linear combination of bubbles 

u = aVoi.Ai +v, 

so no solution w is there. By suitable testing of the pseudo gradient flow equa¬ 
tion in the spirit of [5] we analyse the movement of the bubbles by establishing 
explicit evolution equations of those three parameters, that constitute the bub¬ 
bles, namely the scaling parameter Oj, height Xi and position At this point 
the special choice of the Lyapunow-Schmidt reduction implies, that the evolu¬ 
tion equations of the aforementioned parameters are independent of the time 
derivative of the error term v, which is difficult to control. 

Using the fact, that the second variation d^J{u) is positive definite in this 
case, when applied to the error term v, we are able to give a suitable a priori 
estimate on u - indeed dJ{u) is square integrable in time, since we are dealing 
with a pseudo gradient flow and i9J(aVai) is small. 

In conclusion we obtain a precise description of the behaviour of the flow 
line in terms of Xi as the only non compact variable and o^. 

Section O deals analogously to section S] with the case, that a flow line u near 
infinity can be written as a linear combination of a non trivial solution w > 0 
and finitely many bubbles - up to a small error term. We then follow the same 
scheme as in the previous section. The main difference is, that there are more 
parameters to be considered beyond the scaling factor, height and position of 
the bubbles. Namely we have to deal with a scaling factor a for the solution 
uj plus finitely many parameters f3i to describe the degenerate space of the 
solution oj and the implicit function theorem yields a suitable parametrization 
Ua,p = otui^p for this purpose. So 

u = Ua,p + aVai,Ai + V. 

We would like to point out, that generically a solution lo is non degenerate, in 
which case Ua^p reduces to auj. Moreover the second variation d^J{u) is not 
necessarily positive definite. But, since we have taken care of the degenerate 
space, the second variation is sort of non degenerate, when applied to the space, 
that the error term v lives on. Thence we still get a sufficient estimate on v. 

In section[BJ subsection 16.11 we proceed considering the flow near infinity and, 
under a suitable assumption on the energy functional, that the flow behaves as 
one would expect, e.g. that a flow line does not only converge to a solution, 
once this is true for a time sequence as seen at the end of section [31 but that 
the same holds true for a critical point at infinity. This means, that, if for some 
time sequence the flow line blows up, this is true for the full flow line as well. 
Moreover we show, that the critical set [VAT = 0] attracts the concentration 
points ai of a flow line near infinity. 

The following subsection 16.21 contains the very essence of the proof of the 
theorem. Under suitable conditions on K, which already imply, that the flow 
behaves in the sense of the foregoing subsection, we explicitly construct some 
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functions adapted to the dimension and the case, whether uj is trivial or not, with 
the basic property of becoming arbitrarily negative in case the flow line blows up, 
while on the other hand their time derivative is basically non negative. So they 
can be thought of as a way to check the compactness of a flow line near infinity. 
This idea originates from [5], where it was used in case M = to exclude 
a multi bubble blow up, and our constructions are somewhat technical, but 
natural generalisations to the non spherical situation in dimensions n = 3,4, 5. 

For the construction the explicit evolution equations of the parameters Xi 
and tti of the bubbles obtained in sections 0] and [5] are used. Besides 

the necessity of controlling the error term v there are two basic features to be 
considered. 

The first one concerns self-interaction phenomen, whereby we mean quan¬ 
tities, which are attributed solely to a one bubble situation. In this case, the 
question of what moves a bubble is simply answered by saying, a bubble is 
moved, by what prevents a bubble from being a solution. E.g. on the standard 
sphere a bubble is a solution of the Yamabe problem, but not of the prescribed 
scalar curvature problem for K non constant. Thus we expect a bubble to be 
moved by the non vanishing derivatives of K, for instance the gradient of K 
moves Oi as Xi is moved by the laplacian 

If in addition we are dealing with an arbitrary manifold we expect other 
geometric quantities to move the bubbles as well - thereby the positive mass 
theorem comes into play. 

The second feature is due to interaction quantities arising from the presence 
of several bubbles or from bubbles and a solution w. On the standard sphere for 
example, while each bubble is a solution of the Yamabe problem, their linear 
combination is not. Thus the movement of the bubbles is caused solely by the 
interaction phenomena and in the context of proving flow convergence, one has 
to ensure, that the interaction terms rather decrease the possibly non compact 
variables instead of increasing them. 

In subsection l6.3l we put all the previous informations together and show flow 
convergence by contradiction based on the functions constructed in foregoing 
subsection 16.21 Thus proving theorem [TJ In order to prove theorem!^ we basi¬ 
cally prove the existence of a converging flow line - using the same arguments 
as for proving theorem [TJ 

The final subsection 16.41 exposes a non trivial scenario of a blowing up flow 
line. In this example the function K to be prescribed as the scalar curvature 
satisfies at one of its maximum points a flatness condition, that due to [12] guar¬ 
antees the existence of a minimizer of J in case M is not conformally equivalent 
to the standard sphere. On the other hand the flow line constructed blows up 
at the same maximum point. 

1.3 Preliminaries and statement of the theorems 

We consider a smooth, closed Riemannian manifold 

M = (M",go), n = 3,4,5 
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with volume measure and scalar curvature Rg^. The Yamabe invariant 

where c„ = 4^^ and 

^ = {m G Wg’^’^(M) I u > 0, u ^ 0}, 
is assumed to be positive, Y{M,go) > 0. The conformal laplacian 

LgO = ~C„Agg + Rgg 

then forms a positive, self-adjoint operator with Green’s function 

Gg„ : M X M —^ IR+ 

and we may assume for the background metric 

Rgg > 0 and J Kdfigg = 1. 

4 

Considering a conformal metric g = gu = go there holds 

2n 

= li^-2 d^XgQ 

for the volume element and for the scalar curvature 

n+2 n+2 

R Rqu ^ ri 2 ^ C'^i^g^'U “h Rg^U) U ^ ^ Lg^U. 

Let 0 < if G C“(M) and 

r = ru = J Rdg,, k = = J Kdn, K = = ^. 

Note, that 

c\\u\\wx2 <ru = J Lgguudfigg = J c„|VM|g^ +RggU^dggg < C\\u\\wx2 

and 


in-2 

In particular we may define 


c\W\\"Jn_ <ku= Ku'^-^dggg < Cllull 


in-2 


LggUudggg 



and use || • || as an equivalent norm on W^’^. The aim of this paper is a study of 

dtu = — rK)u, u{-, 0) = uo > 0 

K 

as an evolution equation for the conformal factor. Obviously 

dtk = J Ku^d^igg = 0. 

Thus, if we choose as an initial value 

/ 2n 

KUq~^ = 1 , 

then the unit volume A: = 1 is preserved and in case 

u —Moo > 0 in Wgf{M), 
where u^o is a stationary point, there necessarily holds 

/ 2n 

KuSj'‘dfj,gg = 1 and = Tu^K. 

In what follows we will simply call any maximal solution 
u : M X [0,T) —^ R, T G (0, oo] 
of 

1 - r ^ 

dtU = — rK), m(-, 0) = Mo > 0 with / Kuq ^ = 1 

a flow line with initial value uq. Let us consider the energy 
J(„) for „ e of. 

{J Ku^-^dfigg) n 


Proposition 1.1 (Derivatives of J). 
We have 

ft) 


J{u) = 


fti) 


^dJ{u)v =—^[ J Lgguv-ft^ J Ku"-^v] 

ku ^ 


1 


{Ru - ^K)u^-^v 
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(in) 


-d^ J {u)vw 


Ir/r + 1 

•’“’I 


[ LggUv / Ku’'-^w+ / LggUw 


-+i 


. n - 1 r„ 

n - 2.^+2 

f^U 


Ku^-^v / Ku^-^w. 


Ku"-'^v] 


Moreover J is and uniformly Holder continuous on each 

Ue = {u & A \ e < ||m||, J{u) < e~^} c A. 

The derivatives stated above are obtained by straight forward calculation. More¬ 
over note, that u G Ue implies 

n —2 

< ru < e~^ and ce^ < < Ce~^. 

Thus uniform Holder continuity on He follows from the pointwise estimates 
||a|^ — |6|^| < Cpla — hf’ in case 0 < p < 1 

and 

Ihr-l&ri < C'pmax{|a|^’-M&|^’-^}|a-&| incase p > 1. 

So the problem of prescribing the scalar curvature has a variational structure, 
since a critical point w > 0 of J satisfies 

Ru: = where = J = J Kco^ , 

4 

whence the scalar curvature Ru^ of g^j = cv^-^go equals ib up to a coefficient. 
Note, that the standard norm of dJ{u) 

may be estimated by 

Jl|aj(w)|l < ^\\R-rK\\ ^ < ^\\R-rK\\i^. 

We therefore define by a slight abuse of notation 

= -^\\R-rK\\L2 

k— 
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as a natural majorant of ||9 J(m)||. Since k = 1 along a flow line, we get 


dtJ{u) =dj{u)dtu = —2 


^\R-rk\^u^ < - -^-F7|<5J(u)|2. 

K' ' - 2niaxMi^ 


This justifies the notion of dtu = — rK)u as a pseudo gradient flow 

related to J and, since J is bounded from below, we have a priori integrability 

\5J{u)\^dt < C{K)J{uo). 

On the other hand the positivity of the Yamabe invariant implies 



J{u) > 


Y{M,go) 
maxM ^ ^ 


> c. 


Thus we may assume, that along a flow line c < J{u) = < C due to fc = 1. 

Recalling proposition 1 1.1 1 this shows u € for some e > 0 small and fix, whence 
J is uniformly Holder continuous along and close by every flow line. 

Consider the following conditions in cases n = 3,4,5, which are obviously 
satisfied, if M is not conformally equivalent to the standard §" and K = 1. 
They are scaling invariant with respect to K as one should expect due to the 
scaling invariance of J. 

Hypothesis 1.2 (Dimensional conditions). 

Conds : M is not conformally equivalent to the standard sphere 

Condi •' M is not conformally equivalent to the standard sphere and 

AK 

[VRT = 0] C — > —c] for some c = c{M) > 0 
K 

Cond^ : M is not conformally equivalent to the standard sphere S® and 

{WAK,VK) > \\AK\^ 

o 

holds on [AK < 0] fl [/ for an open neighbourhood U of [VRT = 0]. 

Moreover let Cond'^ denote Condn with [VRT = 0] replaced by [K = max if]. 

Theorem [T] below generalizes the convergence of the Yamabe flow in these 
dimensions proven in |13] . however by a different strategy. 

Theorem 1. 

Let M = n = 3,4,5 be a smooth, closed Riemannian manifold of 

positive Yamabe-invariant. Then for 0 < K G every flow line 

1 - f 

dtU = — — {R— rK)u, u(',0) = uq > 0 with / Kuq~^ = 1 
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exists for all times and remains positive. 

Moreover we have convergence in the sense, that 

u —> Moo > 0 m C°° solving K, 

provided the dimensional condition Condn is satisfied. 

So Condn implies compactness of the flow, whereas Cond'n is at least suffi¬ 
cient to solve the prescribed scalar curvature problem. 

Theorem 2. 

Let M = {M'^,gif), n = 3,4,5 be a smooth, closed Riemannian manifold of 
positive Yamahe-invariant. Then for 0 < K G C°°{M) there exists 

Moo > 0 in C°° solving = ru,^K, 

provided the dimensional condition Cond'.^ is satisfied. 


2 Long time existence and weak convergence 

In this section adapted from m and m we derive global existence and weak 
convergence in the sense, that \\R — rK\\i^p —>• 0 as t —oo. 


2.1 Long time existence 

Lemma 2.1 (Lower bounding the scalar curvature). 

Along a flow line the scalar curvature R is uniformly lower bounded. 

Proof of lemma \2.1[ 

Letting 


we have in view of lemma 17.1 




A R 

-C„Ag^ 


4 ^ R 

- 7;R-f7 > CnAg — . 

n-2 K K 


The parabolic maximum principle then shows 


R . R 

mm > mm , 
{t}xM K {o}xM K 


whence 

min R > C(K)e~^^^-^0 niin R. 

{t}xM {0}xM 

Since ^ = r > Too > 0 along a flow line, the assertion follows. 


( 2 . 1 ) 


( 2 . 2 ) 


(2.3) 

(2.4) 
□ 
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Due to Gronwall’s lemma this lower bound implies an upper bound on u. 
Lemma 2.2 (Upper bound). 

Along a flow line u there exists C > 0 such, that for 0 < t < T we have 

snp u{t, •) < 

M 


Proof of lemma 1 2. ill 

From lemma o we infer 

dtu =— — {R — rK)u <cu. (2.5) 

K 

The claim follows from Gronwall’s inequality. □ 

The Harnack inequality now implies a lower bound on u. 

Lemma 2.3 (Lower bound). 

Along a flow line u there exists for 0 > 0 some C = <7(0) > 0 such, that 
sup u < Q => inf u> C. 

Mx[0,T) Mx[0,T) 

Proof of lemma \2.3l 

Let us choose c > 0, such that ii + c > 0 according to lemma [2T] Then for 

P = Rgg + (2.6) 

we have 

n+2 n+2 

— CnAggU + Pu = LggU — RggU + Pu = Ru"^^ + . (2.7) 

Thus the weak Harnack inequality gives 

k= Ku'^^ <sup(Xu’^) / u < C'sup(i<ru’^)inf M, (2.8) 

J M J M M 

where (7 = C'(||P|1 l°“). The claim follows. □ 

As a consequence of the positivity of the Yamabe invariant we obtain a 
logarithmic type estimate on the first variation of J. 

Lemma 2.4 (Logarithmic-type estimate on the first variation). 

For p > § there exist constants 

c = c{jp) > 0 and C = C{jp) > 0 

such, that along a flow line we have 


dt / \R-rK\PdgL + c{ \R-rK\ — dg)- 



\R — rKY‘dgL) 


+ C J\R 


rK\Pdfi. 
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Proof of lemma \2.4\ 

In view of lemma o we have 

dtj \R-rK\Pdn 

=p j dt{R-rk){R-rK)\R-rk\P-‘^dpi + J \R-rk\Pdtdn 

r R _ rK 

=pcn / Ag- ^{R-rk)\R-rk\P-^dp 


+ 


K 

Ap f R : 


n-2 J K 
Integrating by parts we obtain 


n — 2 


K 


dt J \R-rk\Pdp<-c{p) J ^\W{R-rk)\l\R-rk\P-^dp 

+ C{p){J \R-rk\P+^dp + J \R-rk\Pdp). 
Using {^/{R — rk)\g “=' |V|i?—r^||g this gives 

dt J \R-rk\Pdp <-cip) J CnMR-rk\i\ldp 

+ C{p){J \R-rk\P+^dp + J\R-rk\Pdp) 
Then Y{M,go) > 0 implies 

dt J\R — rk\Pdp < — c{p){J\R — rk\^^dp)~^ 

+ C{p)iJ \R-rk\P+^dp + J\R-rk\Pdp). 
Since p > ^, we may apply Holder’s inequality to / = |i? — rk\P via 


iir 




p+i 

I p+i ^ 


I LA 

so 


II© 

so 


< 


I 2p 

L an 


2p+2 —n 

15 ^ 


<£ 11 / 11 . 7 ;^ +cip,e) 

Lgo SO 

where A = 0 = 1, A = 2 (^+ 1 ) conclude by absorption 

dtj\R-rk\Pdp 

/ — pn n — 2 

|i? — rK\^^ dp)~^ 

+ C{p)[{J \R-rk\Pdp)^^^ + J \R-rk\Pdp]. 

This is the desired result. 


(2.9) 


2n f - R — rK 

R-rK\Pdp -^ / \R-rK\P^——dp. 


( 2 . 10 ) 


( 2 . 11 ) 


( 2 . 12 ) 


(2.13) 


(2.14) 


□ 
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The next proposition is a typical parabolic type estimate. 

Proposition 2.5 (Main observation for long time existence). 

Along a flow line there holds for 1 < p < § 

Here R+ = min{i?, 0}. 

Proof of proposition \2.5[ 

In view of lemma o we have using 

ft / ^ P + J R’^dtd/i 

Due to (a^ — 6P)(a — 6) > |a — 6 |p+^ and f{R — rK)dp = 0 one obtains 

ft f J |V(:^)«l5d(i 

This is the desired result. 

The following is by now an easy consequence. 

Corollary 2.6. 

Along a flow line there holds 


(2.15) 


(2.16) 

□ 
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This implies via Sobolev embedding higher integrability, which applied to 
lemma [T4] proves the following time dependent bound. 

Corollary 2.7 (L^’-bound on the first variation). 

For 1 < p < 2 {n- 2 ) T > 0 there exists C = C{p, T) such, that 


sup 

0<t<T 


\R — rKY’dp <C along a flow line. 


Proof of corollary \2. ?[ 

From corollary 12.61 for p = § we infer 

sup [ Rldfi+ [ [ \y{^)^\ldydt<C. (2.17) 

0<t<Tj JO J ^ 

Sobolev’s embedding then implies 

j\j{^)^dy)'^dt<C. (2.18) 

Since R is uniformly bounded from below according to lemma [2T] we get 



\R\W^dy)'^dt < C, 


whence 



|i? — rK\ 2 ("- 2 ) dp) " dt < C. 


(2.19) 


( 2 . 20 ) 


But from lemma 12.41 with p 


2 (t^ > i we infer 


dt\n 


\R-rK\^^^dy<C{ \R - rK\^^^dp)— + C. 


( 2 . 21 ) 


This proves the claim. □ 

With the above bounds at hand one uses Morrey’s inequality to prove Holder 
regularity. 

Proposition 2.8 (Time-dependent Holder regularity). 

Along a flow line there exists for 0 < a < min{^, 1} and T > 0 a constant 

C = C{a,T) 


such, that we have 

\u{xi,ti) - u{x 2 ,t 2 )\ < C{\ti - t 2 |^ + d{Xi,X2)°‘) 
for all xi,X 2 € M and 0 <ti,t 2 <T with \ti—t 2 \<l 
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Proof of proposition \2.8[ 

Let a = 2— ^ and ^ < p < min{ 2(2-2) ’ Lemma ETT] and show 

J \R\Pdp < C (2.22) 

with C = C{T), whence by conformal invariance and lemmata 12.2112.31 


< C. 


On the other hand corollary 12.71 shows 

J in particular J\dtu\^ < C 

From this it follows via Morrey 


(2.23) 


(2.24) 


\u{x,t) — u{y,t)\ < Cd{x,y)°‘ for all x,y £ M, (2.25) 


where 0 < a < min{^, 1}, and 
\u{x,ti) - u{x,t 2 )\ 

= |ti-t2r'^ J \u{x,ti) - u{x,t 2 )\dpgo{y) 




<\ti-t 2 \ = J \u{y,ti)-u{y,t 2 )\dpgg{y) + C\ti-t 2 




(2.26) 


<|ti-t 2 | 2+^ sup [ \dtu{t,y)\dfj.gg{y) + C\ti -12\'‘ 

0<t<T J 




<|tl-t2| 2 \ti-t 2 \^ p sup ( / \dtu\Pdp,)p + C\ti - t 2 \'^ 

0<t<T J 


for all |ti — t2| < 1 - The claim follows from —“ f ■ ^ 

With Holder regularity at hand standard regularity arguments show 

Corollary 2.9 (Long-time existence). 

Each flow line exists for all times. 

Proof of corollarv \2.9\ . 

This follows from short time existence and proposition 12.81 □ 
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2.2 Integrability and weak convergence 

Now, that long time existence has been established, we examine in which sense 
the first variation of J vanishes as t —> oo. 

Lemma 2.10 (Integrability and weak convergence). 

For 1 < p < § we have along a flow line 


J J \R — rK\P~^^dgLdt < C and liininf J \R — rK\P~^^dfj. = 0. 

Proof of lemma \2.10l 

Clearly the first inequality above implies the second one. Note, that 

^ J\R+- rK\P+^dfidt < C (2.27) 

with time independent C according to corollary 12.61 Moreover we have 


min R> C(K)e "-2 ^ min R, (2.28) 

{t}xM { 0 }xM 

cf. (EH). Since along a flow line k = 1 and r Too > 0 this gives 

R- < Ce-^\R- = - min{i?, 0} (2.29) 

for suitable constants c, C > 0. From this the assertion follows. □ 

Interpolating via lemma [231 we obtain weak convergence. 

Proposition 2.11 (Weak convergence of the first variation). 

Along a flow line we have for any 1 < p < 00 


lim / \R — rKl^dfj, = 0. 
t/'ao J 

In particular we have |<5J(m)| —> 0 as t —> 00 . 


Proof of vrovosition \2. 1 1\ (cf. 127( , Lemma 3.3 and equation (43)). 
Due to lemma [2J0l for any max{2, < po < there holds 


J J \R — rK\P°dp,dt < C and liminf J \R — rK\'^°diJ. = 0. 
Thus we may choose a sequence rj) y' 00 satisfying 


\R —rK\P°dfi[.j.o< — and 


r _ 1 

\R-rKrdpdt<—^ 


(2.30) 


(2.31) 


where C = C(p) is the constant appearing in lemma [231 Define 


dk =sup{T > <t <T : / \R-rK\^°dp < 7 } > 


(2.32) 
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Then we infer from lemma 12.41 for r°k<t< 01 

J \R-rK\P°d^ilt + c \R-rK\P°^d^i)'^dt 

< I \R-rKrdfi[,o 

\R-rK\P°dny+^dt 

+ C j \R-rK\P°d^ldt 

< 4 - + 2C [ f \R- rK\P°dndt < 4 
2k J^o J k 

k 

If 0° < 00 , then | = / — rK\P°d^jL^go^^ i, whence 0° = oo and 

J \R-rK\P°dfi<^ on [t^,oo). 

We conclude limj J \R — rK\P°dfi = 0 and in particular, cf. (I2.33L 
f {[ \R — rK\P^dii)~^dt < oo and liminf f \R — rK\P^d^ = 0 


(2.33) 


t y^OO 


letting 


Pi = - :^Po- 

n — 2 


As before we may choose a sequence tI oo satisfying 


(I \R-rKrdf,)^[ri<- 


(2.34) 


(2.35) 


(2.36) 


(2.37) 


and 


( / \R-rK\P^dti) — dt < 


(2.38) 


4C'fc(n - 2) ’ 

where C = C{p) is the constant appearing in lemma [2^ Define 

Ol =sup{r > IWtI <t < T : { [ \R- rK\P^dp)^ < tI > '^fe- (2-39) 
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Then we infer from lemma 12.41 for r2<t< el 


(/ \R-rKrdfi)^[t + c 


n — 2 


{J\R-rK\P^^diiy 


Jrl {J\R-rK\pyi 
<(/ \R-rKrdt,)^[,. 


-dt 


+ C- 


.n — 2 


C 


n—2 


(/ \R- rK\P^dfx) " ^^p-^dt (2.40) 


( / \R-rK\P^d^i)'^dt 


+ . 


|i? — rK\P°d^dt < —. 


If el < 00 , then | = / |i? — j:, whence el = oo and 

2 
k 


\R — rK\P^d^j, < y on [t^,oo). 


(2.41) 


We conclude / 1^ “ rK\P^diJL = 0 and in particular, cf. (I2.40L 

f { ( \R —rK\P'^dijL)~^dt < oo and liminf f \R — rK\P^d^i = 0 (2.42) 


t y^OO 


letting p 2 = Note, that from this we may start an induction yielding 


lim / |i? — = 0 

t/'oo J 


(2.43) 


and 


(/ \R — rK\P’‘+'^dfi) dt < oo and liminf / \R — rKy^+^dfi = 0 
J tyoo J 


(2.44) 


letting Pfc+i = -^Pk for fc > 1. Thereby the claim is evidently proven. 


□ 


3 The flow near inflnity 

3.1 Blow-up analysis 

For a Palais-Smale sequence of decreasing energy, say Uk = u{tk) for a flow line 
u and tk — > oo, the lack of compactness is described as follows. 

Proposition 3.1 (Concentration-Compactness). 

2n 

Let {um) C W^y{M,R^o) satisfy ku^ = f Kum^dpgg = 1 and 
sup J{um) < OO and ||i9J(um)|| — > 0. 

rnGN 
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Passing to a subsequence we then have 


J(^ 


= r,j 


J TO 


and there exist 0 < Uao S Wg^[M) with either Uoo = 0 or Uoo > 0 solving 

n + 2 

PqqUqq rcyoKUoQ 

and for some p S Nq sequences (a^^) C M, (Ai^) C K>o, i = 1,... with 


ai„ 


ai and \i 


CO as m 


CO 


such, that 


where 


\\Ujri Uoo ^ ^ Pirn II ^ 
i=l 


J 4n(n-l) 


rooK{ai) ' + 

with a cut-ojf function rjai^ = 77(1 exp“^ (Olgo)’ where 

7 ?eC'°°(B2(0),M>o), fl=l on Bi(0). 
More precisely there holds for each i ^ j = 1,... ,p 


d^go im ) ) 

Mm 


CO as m —> CO. 


This characterization is classical and we refer to [55]. The proposition is 
proven by straight forward adaptation. For the last statement cf. El- 


3.2 Bubbles and interaction estimates 

We refine the definition of blow up functions Sa,\ given in proposition 13.11 re¬ 
ferred to as bubbles, since they form a spherical geometry around a. 

Definition 3.2 (Bubbles). 

For a € M let Ua introduce normal conformal coordinates around a G M via 

4 

9 a — Ua go- 

Let Gg^ be the Green’s function of the conformal laplacian 

n — 1 

d-'Qa — ^n^ga T dLg^, Cji — 4— 
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For X > 0 let 


X 


^a,\ =Ua{- 

1 + X^-fnGl 
One may expand 


) "2 , Ga = Gg^ (a, •), In = (4n(n - l)w„) "- 2 . 


(r^" + Ha), ra = dgSa, •), Ha = Hr,a + H,,a. 


4n{n — l)u}„ 

There holds Hy^a G Gf^'^ and in conformal normal coordinates 

/ 0 for n = 3^ 

Hs,a = 0 I rllnra for n = A 
\ ra for n = 5j 

In addition it follows from the positive mass theorem, that 

Ha{a) = 0 for M ~ S" and Ha{a) > 0 for M 9 ^ S", 


so Ha{a) is always non negative with strict positivity unless M is conformally 
equivalent to the standard sphere §" . 

For the expansion of the Green’s function stated cf. [35], Theorem 6.5. 
Ibidem conformal normal coordinates are introduced in section 5, see also the 
improvement due to [20]. Note, that we may and will replace 5a,\ by y}a,\ in 
proposition 13.11 since 


\\Ta,\ 




0 as A 


The reason for the above redefinition of bubbles is the simple way to calculate 
their conformal laplacian in terms of its Green’s function, see the lemma below, 
whose proof we delay to the appendix. 

Lemma 3.3 (Emergence of the regular part). 

r. + 2 

One has Lgg(pa,\ = G{(p2~\) on a geodesic ball Ba(a) for a > 0 small 


GgQ^a,X =Ati{tI l)^a,A ‘^'^^nr a ((n \)Ha ~\~ '^adraHa)^a,\ 
2 

, Wa Rq 


X 


-<r +o(rr^)<9>. 


1+^ 


where rq = dg^{a, •). Note, that Rg^ = O(r^) in geodesic normal coordinates. 

We would like to point out, that the term negligible for our 

discussion, whereas it plays a crucial role in higher dimensions. 

To abbreviate the notation we make the following definitions. 
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Definition 3.4 (Relevant quantities). 

For k, I = 1,2,3 and Xi > 0, Oi € M, i = 1,... ,p define 

(i) Fi — Fo,i,Xi and (^di^i, , d^^i ) — (1, Xid\^, ) 

(iij 4^1,1 — Fif 02,2 — Xi3x^(pi, 4>^,i — fk,i — dj^^iPi 

We collect some useful estimates, which are well known, so we delay their 
proof to the appendix. They are essential for the rest of our discussion and will 
be heavily used. 

Lemma 3.5 (Interactions). 

Let k, I = 1,2,3 and i, j = 1,... ,p. We have 

(i) I15 I I ^ 

4 

(a) J 4 >k, 24 >k,i =ck-id + o(j^ + ^), cfc > 0 

n + 2 4 

(Hi) J — n—2 •/" (^k,i^i ^ 0 ; ^ ^ 7 

4 2n 

(iv) f for k J = Cl and 

J 4>k,i = 0{j^) for k = 2,3 


(y) I F?Fj = Oislj) for i^j and a + f = > a > /3 > 1 

H f = 0{efp Ineij), i ^ j 

(vii) {l,Xi^x^, = 0{eij), i j, 

where e = min{^, and 

A ■ A ■ ^ 2 

£z,j (t “t“ T T XiXj^nGgQ (u^jC^j)) ^ • 

Ai Aj 

Here we used and will use later on a = 0^(6) as short hand for 
|a| < w(£)l^l with a;(e) —^ 0 as e —>■ 0. 


3.3 Degeneracy and pseudo critical points 

In order to obtain a precise description of the dynamical behaviour of a flow 
line we have to take care of a possible degeneracy of J at a critical point. 
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Lemma 3.6 (Spectral theorem and degeneracy). 

n + 2 

Let w > 0 solve Lg^uj = . 

Then there exists a set of solutions 

4 

LggW^ = fXwi —t oo 


such, that 


{wi,Wj)L,g = S^j, (wi I i e N) = Wgf{M) 


and for any eigenspace Eg^(u}) = {wi \ = p) we have dim£'^ < oo. 

Moreover we have dJ{u}) = 0 and isomorphy 


where 


Ho{uj) = (w) © (e* I i = 1 ,..., m) 


with 


(e* I i = 1,..., m) = (w), (ci, ej)L„^ = S,j 

denotes the kernel ofd^J at oj and iJo(w)‘*‘^so is the orthogonal of Hq{u!) with 
respect {■,‘)Lgg- The case Er^iuj) = % is generic. 

Please note, that due to scaling invariance of the functional the kernel always 
contains w itself. We may thus call oj (essentially) non degenerate, if simply 
E[o{uj) = (uj), or equivalently, if Ert+ 2 {uj) = 0. The foregoing lemma asserts, 
that non degeneracy is generic. 

Proof of lemma 13.61 

The statement on the basis {wi | j G N} of eigenfunctions is a direct application 
of the spectral theorem for compact operators. Moreover 

= y LggUJUJ = j Kw^ = (3.1) 

for a solution Lg^oj = . Thus proposition II.II shows 

dJ{uj),d‘^J{uj)u},d^J{u!)ej=0, (3.2) 

which is easy to check. Likewise for v T oj one obtains 

1 2 -n r n + 2 4 

-d^J{uj)vf = ku," J {Lg^v - (3.3) 
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This proves the claim with isomorphy of 


given by 

2-n -^ _|_ 2 

Wi — >2ku;'' i^- 

are left with proving genericity of _En+2 (w) = 0. 

To that end consider the scalar curvature mapping 

where = (e, e“^) for some e > 0, with derivative 

dR^ ■ V =ijj~^{LggV - 

Note, that for oj G A^) hxed we have isomorphy of 

C^'°‘{M) C°'°^{M) : V uj-^Lg^v 

and compactness of 

C2’“(M) ^ C'°’“(M) : V R^uj^v. 

Thus dR is a Fredholm operator and the Smale-Sard lemma gives 

R[dR ^ 0] = 

with countably many open and dense subsets Ok C Im{R). Covering 

R>o = 

fc 

we obtain the same result for R : K.>o) —^ 

Thus, if iF G is the scalar curvature of a conformal metric 

K = R^=uj-^Luj,uj G C'2’“(M,]R>o), 

then obviously K G Im{R) and generically K G R[dR 0], so 

LggV - ^0 for all 0 ^ v G C^’°^(M), 

n + 2 

whenever K = Consequently for a solution Leu = Kuj^-^ 

o2t/\ ^/r nH-2 ri-^‘2 

d J{u}) = -^(LggU - 

k— n-2 

is for a generic K invertible, which is equivalent to E n +2 (uj) = 0. 
Please note, that we may replace (7^’“, (7°’“ by any C'/^+ 2 ,a^ (yk,a ^ 
true for any 77 in a dense subset of (7*’“ 


(3.4) 

(3.5) 

(3.6) 

(3.7) 

(3.8) 

(3.9) 

(3.10) 

(3.11) 

(3.12) 

(3.13) 

(3.14) 

= 1 is 
□ 
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In light of the foregoing lemma the following parametrization is a natural 
application of the implicit function theorem. 

Lemma 3.7 (Degeneracy and pseudo critical points). 

11 + 2 

For a; > 0 solving Lg^to = let 

n = n 

Ho{ui) ^90 

be the projection on F[q{uj)'^^’>o . 

Then there exist e > 0, an open neighbourhood U of uj 

u;euc W^fiM) 

and a smooth function h : Bf ^ (0) —^ such, that 

{wGU\ UVJiw) = 0} 

={ua,i 3 = (1 + a)w + + h{a, /3) | (a, /3) G (0)} 

with 

\\hia,P)\\=0{\a\^ + \Wr), 

where VJ is gradient of dJ with respect to the scalar product {■,')Lgg- 
We call w € U a pseudo critical point related to to, */n^ {uj)^^ao ^^i'^) — 0- 

Thus the construction above parametrizes in a neighbourhood of w the set of 
pseudo critical points related to w; and clearly every critical point of J is a 
pseudo critical point related to w as well. 

For the sake of clarity consider Ua^g > 0 close to oj solving 

= O' 


2-n C r n+2 

dJiua,g)f = 2ku2,p / {LgoUc,p - J^Ku2fp)f, 


so y J{ua,g) = Ua,g solves 


n + 2 

uc.,13 ' 


LggUct^P — 2ku2,p{LggUa,p , ^a,P )' 


Thus IVua^p = 0 implies 


nr' ti-1-2 ^ n 

T ' Ua,l3 T — 

~ n ^go'^a,l3 


ku2,p /_ ^ \ T ^ ^1^2,13 /— \ r 

= ^ ^ / ,Wa,h>^j)Lg„Fggej 

-[] {LgM Ku^ p ) \Lgg 

/ T* n + 2 

+ / {Lgo'*^ot,P — T 

J «'«c./3 
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Proof of lemma \3. 7| 

The statement is a mere application of the implicit function theorem to 

= Ho{u}) ^ u —^ nVJ(u). (3.15) 

Indeed nVJ(a;) = 0, since S/ J{uj) = 0. Moreover 

V(nVJ)(a;) = nvV(a;). (3.16) 

and from (EH) and (13. 5p we have isomorphy 

^ ^ (3.17) 

As n is the identity operator on Ho{uj)^^’>o, we obtain 

(nvj)(a.) = ( 3 . 18 ) 

and therefore isomorphy of (nVJ)(w) as well. 

Finally the estimate on h follows from (IX^ . □ 

Using Moser iteration one may improve this result to a smooth setting. 

Proposition 3.8 (Smoothness of Ua,/ 3 ). 

For any k G N we have w, ei,Ua,p, ha,p G and 

ll^(a:/3)llc'=—0 as |a| + ||/3||—s-0. 

Proof of proposition \3.8\ 

In view of lemma 13.61 let us write 

Ua^p = (I + a)uj + h{a,l3). (3.19) 

The equation solved by Ua^p is IIVJ = 0, which is equivalent to 

LggUa^p — =[ J {LggUa,p — ^ 

m ^ (3.20) 

+ ' [ / {LggUct^p — (j'K)ua,p'^a,p )6i]^go®i 

i—1 

In particular Lg^Ua^p = Pua,p +Va,p with ||wa,/ 3 ||^-i, 2 (^) = 0{\a\ + ||^||) and 

ll^llLi(B.(.o)) 0 for all xo G M. (3.21) 

Let p > 1 and consider a suitable cut-off function r] G Cq (i? 2 r(a;o))- For 

Wa,p = = Ki,pV (3.22) 
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one obtains using Young’s inequality and absorption 


< Cp((VMa_^, VWa,^)go "I” I^^lgo ) 


(3.23) 


and thus 


J Lg„Wa,l3Wa,/3 = J Cn\yWa,/3\l^ + 

RgQUa^l^Wct^l^ U^ I^\^T]\ 


(3.24) 


=Cn,p J PUa,pWa,13 + U^./SWa./? + Vllo' 
p ~ '^a,i3Wa,p and Wa,^ = "^a,/3U^pV One may absorb via p.21l) to get 

J LggWc,,pWc,,0 <Cn,p{\\va,i3U^~Jf^^ + Wu^^pWliJ- (3.25) 

Suppose Ua ,/3 e r > We then get for p = ^ using Holder’s inequality 


!^C*n,p(||'^^a,/3 II ||||“1“ ||'^a,/31| ) 

T- ■n.-l-T’ gQ nr. 




J n+r 
^90 


-^a.I^WLl 


)■ 


(3.26) 


whence using a suitable covering M = BrXxi) we get 

llWa./sll^ < Cn,p{\\Va,l3\Y ^ + ||MQ,/ 3 ||ir ). 


(3.27) 


Note, that in case |a| + ||/3|| = 0 we have Ua^p = uj and Va,p = 0, whence 
by iteration of (j3.27ll one obtains w G for all 1 < p < oo. Due to 

n+2 n + 2 4 

LggU) = Ku}^-'^ and LggBj = - -Kuj^-^ej 

this gives uj,ej G (7°° by standard regularity arguments. 

Recalling (13.201) this implies Va,p G and 

||z;„,;3||c^ =0(|a| + ||/3||) (3.28) 

Thus we obtain by iteration of (13.271) 

(3.29) 

and therefore sup|Q,|_|_||^||^j llwa^/jUcic < oo. Since by the very definition of Ua^p 
ll^(a>/5)ll—0 for |a| + II/3II—)> 0, (3.30) 

this convergence generalizes to all by compact embedding. □ 


V 1 < g < oo : sup IlMa/sIlL’ < 00 . 

|a| + ll/3||<e ’ 
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Note, that due to scaling invariance 

nV J(w) = 0 V a > 0 : HV J(aa;) = 0. 

Thus we may reparametrise the pseudo critical points related to w as 

Ua,p = a(uj + iS’-ei + h{l3)), h{/3) Ho{u}), 

where ||/i(/3)|| = 0(||/3|p) and ||/i(/3)||c»= —0 as ||/3|| — ^ 0. 


3.4 Critical points at infinity 

Definition 3.9 (A neighbourhood of critical points at infinity). 

n + 2 

Let w > 0 solve Lg^uj = , p G N and £ > 0 sufficiently small. 

For u G Wg^{M) we define 


4 „(a;,p,£) = {{a,f 3 k,oi„Xi,a^) G 


V 




4n(n — l)k 


r(\n-2 

|1- ] -1> II/3II, ||m- Ma,/3 - aVa.,Aj| < £ }, 


where recalling lemma 1,9.51 we have 

'bi. hf 

■ Ai A, 

In case p > 0 we call 


£i,j — + T“ + XiXjJnGgo " (Oi, Qj)) 2 


V{uj,p,e) = {ue Wgf{M) I Au{uj,p,e) f 0} 


a neighbourhood of a critical point at infinity. 

Keep in mind, that fc = 1 and r Too along a flow line. We would like to 
make a remark on two special cases. 

(i) If a; = 0, then Ua^is = 0. So the conditions on a and fik are trivial. Thus 
the sets A„(0,p, e) and V{Q,p,e) naturally reduce to 


A„(p,£) = {(ai,A,a,) G {Rl,Rl,MP) \ 

4 

ATd.A-^e,,,|l - rg^l, Il„ - av..,..ll <.) 

and V{p,£) = {u€ \ A^ip^e) ^ 0}. 

(ii) K(u;,0 ,£) corresponds to a neighbourhood the critical point line 


{aw I a > 0 }. 


29 





So proposition 13.II states, that every sequence u{tk) is precompact with respect 
to V{uj,p,e) in the sense, that up to a subsequence for any e > 0 we find an 
index kg, for which G V{w,p^e) for some p>0 and all k> kg. 

The subsequent reduction by minimization, whose prove we postpone to the 
appendix, makes the representation in V{uj,p,e) unique. 

Proposition 3.10 (Optimal choice). 

For every Eq > 0 there exists ei > 0 such, that for u G V(uj,p, s) with e < £i 


inf 

(Q!,/3fc,Q!i ,ai,Xi)^Au{oJ,p,2£o) 


Ku^ 




2 


admits an unique minimizer (a, l3k,ai,ai, Xi) G Au(uJ,p, eg) and we define 

A • A ^ 2 

Pi — Pai,\iir — U Ua^p Pij ^i,j — (t T “b XiXj^nGgQ {cLi, ^ 

Ai Aj 

Moreover {a, l3k,oti^ai,Xi) depends smoothly on u. 

Thus for a sequence ui G V(u>,p,£i), e; —>■ 0 we may assume, that for each ui 
there exists an unique representation in Aui(oj,p,£o), say 


ni — ,/3i To’ Paig,Xig Vl, (o;, fik,l : riiy, Xi^i^ G (w, P, £o) 

and we have {ai, fik,i,aiy,aiy, Xiy) G (a;,p, e/) for suitable ei —)■ 0. 

The error term v = u — Ua,p — ai^pi is with respect to the scalar product 




Ku 


/ 




orthogonal to 

{na,lS ; na,j3 ) Pi 5 Xid\^ Pi , V ai pfij 

and due to |(5 J(m)| —0 almost orthogonal with respect to 




/ 


■L„ 


Definition 3.11 (The orthogonal bundle H{uj,p,£)). 

For u G V{io,p, e) let 

1 -L 4 

F-u (oJ , p, e) — {Uct^jS , If^i , Pi, Xid\^ Pi , ^ aiPi) 2 


in case w > 0 and in case w = 0 


Hu{p,e) 


{pi,-Xidxi Pi, 


1 -L 

^^aiPi) 
Ai 


4 

n —2 
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Orthogonality of the error term v implies smallness of linear interactions. 
Subsequently we will even show, that essentially v is negligible. 

Lemma 3.12 (Linear n-type interactions). 

On V{uj,p,e) for e > 0 small we have 

ft) = o(^ + + 0(||^||2) 

A, 2 

fti) f Lg^Ua^pv = o{Y,r -^) + + \SJ{u)ft) 

\r ^ 

ftii) jKu^4'k,i = J K{ua,p + a^ipj)^(j)k,i + 0{\\v\ft) 

(iv) J Ku^Ua,p = J K{Ua^p + a^ipj)^Ua^p + 0{\\v\ft) 
and more precisely for u € V(p, e) 

J Lgg4>k,iV = o{ ^ eij) + 0{^ ^ 2 *^ + IkiP)- 


We use Ki as a short hand notation for K^aft, VKi for \7K{ai) etc. 
Proof of lemma \3.1‘A 

We first calculate the bubble type interactions. Recall 


ftkp = dk,iPi, where 


(^dkp')k—1,2,3 — ( 1 ; ^ aft • 


By lemma [33] one obtains 


(3.31) 


Lgoftk,i'^ — J' dk,iLgQPiV 


=4n(n-l) / dk,iPi ^ v + o{-^) + 0{\\v\\ft, 

JBa.{ai) K 


(3.32) 


whence with Cfe > 0 


Lgg(j)k,iV =Ck J pf '^(l)k,iV + o{^^)+Oi\\v\ft). (3.33) 


Moreover we have 


\K-Kftpr^ftk,^v=o{^) + 0{^■^^^^ ' "-"2 


+ IMr) (3.34) 


and thus 


Lg^(l)k,zv = Ck j ^ftk,iV + o{^^)pO(}^^^ P\\v\\ft. (3.35) 
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Expanding + v)^-^ in case u € V{p,e) we have 

0 = / Ku~(t>k,iV= f K{a^ipj)^4>k^^v + OdlvW^^), 

J J \ol^ UDa^v] 


whence 


J K{a^ipj)’^-^4>k^iV = 0{\\v\\ 

Thus we obtain, since \4>k,i\ < C(pi, 


(3.36) 


(3.37) 


0(||uf) = / X(aV,)^</'M^ 


f ^4 

/ K{aiipi+ ^ aj(pj)^(j)k,i 


[aitpi>J2i^j=i “jVj] 




+ J K{aitpi + ^ ajipj)^-^4>k,i 

[oLiVi<T,%j = iajipj] »/i-l 

/* 4 ^ ^ P 4 

/ + 0( ^ / (p"“Vikl) 

[aiVi>Er^3 = i “jVj] 


(3.38) 




= K{anpi)''-'^(l)k,iV + 0{ Pj VikD- 


i/i=i' 


Using lemma [331 we have ^ f/JiH ^ = 0{eij) for i ^ j. This gives 

J n + 2 ’ 

J K{aiipi)^4>k,iV =o{eij) +0{\\v\\‘^) (3.39) 

Plugging this into p.35l) we conclude 

j Lgg(j)k,iV =o(^„_2 + ^ £ij)+0(^ ^2^ + IkP)- (3.40) 


*/i=i 


Expanding = (ita^/? + aVi + v)"-^ in case u € V(uj,p,s) we have 
0 = / Ku'^4>k,iV = / K(ua,p + + v)^^4‘k,%v 


[uci,p+oii Vj>'v\ 


K{ua,is + a^Pj)''-^(j)k,^v + 0(||u|| 


(3.41) 
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and thus 

0(|k|P)=y K(ua,p + a^‘Pj)^(j)k,iV 

= K{ua,p +a^ipj)'^(l)k,%v 

d[¥>i>«„./3+Er5ij=i vj\ 

+ K{Uo,,i 3 + a^<fj)'^4>k,iV 

J[Vi<Ucl3+J2^^j = l Vj] 

= / K{a^ipi)^ <j)k,iV 

+ 0{ ^r^{Ua,f3+ X. 

JlVi>Ua,,f3+'E’’^j^lVj] i/j = l 

f ^ 

+ / (Ua./3+ X 

d[¥Ji<«<,./3+E?5i3 = i V’j] i5^i=l 

This gives 

/ K{anpi)^(t>k,zV 


(3.42) 


= 0 ( 




<Pi'* ""Ua./sbl 


'[vi>Ef5^j=i¥’d 


+ / (Wa,/3)"-^‘/?*|'y| + / 

df<o,-<'U„ fil Jfg 


(3.43) 


'[¥’i<“c,/3] '^lVi<T,i^j = lVj] i^j = l 

whence by Holder’s inequality, direct integration and lemma 1375] 

[ Kip^-^(j)k,iV =o{—^ + X £^*j) + 0(|kf). 
Aj i^j=l 

Plugging this into (13.3511 we conclude 

f 1 ■J’ ^ 

/ Lg^(j)k,iV =oi^;:^ + X + 0{\\vf)- 

■> \ = i/i=i 

Next we calculate for uG V{uj,p,e) as before 

0 = / Ku'^Ua,pV = / K{Ua,l3 + a"ipi)^Ua,pV + 0(||u|P) 


(3.44) 


(3.45) 


= / 




-r I (aVi)" ^Ma,/3|?;| + ||n|| 

J Ua,0<Oi^^i 


+ 0{ 

/ n+2 _ 1 

^ + o(X "-2 ) + ^(11 

„ X.. 2 


(3.46) 
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whence due to (13.461) and nVJ(MQ,_^) = 0, cf. the remark on lemma 1X71 


Lg^Ua^pV — / {Lgglla^p 


+ o(E^)+o(ikf) 

r = 


UJ 


- I {Lg„Ua^p I ^30 n. 


wll 

n + 2 


+ 


r _ n +2 r 

'y J {LgoUa,p — (^^)«Q,,/3^ct,/3 J ^90® 


+ o(E^)+0(11^11')- 

- \ 2 

r Ar 


(3.47) 


This gives 


LggUa,0V= / {Lg„u - {rK)u^^fiU''-^)uj / Lg^ujv 


+ E / i^soU- {rK), 

i^l 

+ o(E^)+0(lkf) 

Ar 


I L/gQ^iV 


r Ar 

^ ,r. 


— 0 {\{ J^)uc,f 3 ) 

+o(E^)+o(ikf+ iw(u)n. 

r = 


Note, that 


2n 

-2 


(^Lg^U (vK'^uW^ ^ LgQ'U-a.^^'U-a.^^ 


+ o(E^ + IHI)’ 

- \ 2 

r Ar 


whence as a rough estimate 


- (t)- =o(E ^ + ll^ll + 


This proves 


/ LggU^,pv = o(E + 0(||uf + \SJiu)\^). 

J ^ X. 2 


(3.48) 


(3.49) 


(3.50) 


(3.51) 


34 











Moreover for u S V(ui,p,e) 


Ku''-^ (j)k,i = J K{ua,i3 + a^ipj)’'-^ 

n + 2 


n — 2 


J K{Ua,f3 + a^Lpj)"-^(l)k,iV + 0(||i^|P) 


(3.52) 


and we simply estimate 

0 = / Ku'^(j)k,tV= [ K{ua,i3 + a^(pj)'^(l)k,iV + 0{\\v\\‘^). (3.53) 


□ 


3.5 Convergence versus critical points at infinity 

Due to the Lojasiewicz inequality one has along a flow line either convergence 
or a time sequence blowing up. 

Proposition 3.13 (Unicity of a limiting critical point). 

If a sequence u(tk) converges in L to a critical point u^o of J, then 

u —> Uoo in C°° as t —> oo 

with at least polynomial, but generically exponential convergence rate in (7^’“. 

More precisely genericity arises from the fact, that generically the second 
variation is non degenerate, cf. lemma IXBl and exponential speed of convergence 
holds true, whenever the limiting critical point is non degenerate. 

In particular the proposition implies, that in order to show flow convergence 
we have to exclude the case of blow up, so we may assume the latter case arguing 
by contradiction. 

Proof of vrovosition \3.13[ 1 113). proposition 2.6) 

Suppose ||M(Ti) — w||^_ 2 Ti^ —> 0 as Ti oo, but ||it — uj\\ 0 as t —> oo. 
For £o > 0 small we then find a decomposition 

a± < 02 ^ ^2 ^ . . . ^ 1 ^ Ofn ^ ^ < . . . (3.54) 

such, that 

6m) = {t > 0 I ||u - < eo} (3.55) 

m 

and for a subsequence t; G (om,, bmi)- 

||w(6m,) - w(Ti)||"i = ( [ \u{bm,) - 

Ln-2 J 

<c{j \u^{bmi)-U^{Ti)\^)^ =c\\u^{bmi)-U^{Ti)\\L 2 ( 356 ) 

<c f \\dtu^\\L 2 <cf \SJ{u)\, 

Jami 
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whence according to proposition 12.Ill we may assume 


^mi ^mi ^ OO. 

Passing to a subsequence we thus may inductively decompose 

mi 

l^mi^ ; ^ ^ [^/c7 2 ^ tk Sk ^ c2 7 C € [1, 3) 

k^l 

and 

m2 

= X! < 4 - Sfc < c € [1,3) 

k—mi-\-l 

and so on. 

By analyticity of J we may use the Lojasiewicz inequality 

3 0 0,76 (0,1] Vue : | J(u) - J(a;)| < C||aj(u)f 

cf. [H], Theorem 4.1. Clearly J{uj) = Joo = ?’oo and along a flow line 

||5J(u)||<C|W(u)|. 

Thus for t e (sfc, tk) 

dtJ{u) < - c|5J(u)p < -C{J{u) - Joo)^. 

"C — 1 

Without loss of generality 7 < 1, whence dt{J{u) — Too)~ > c and 
{J{u{tk)) - Joo)^ >{J{u{sk)) - Joo)^ + c(tk - Sk) 

■7 + 1 

and in particular J{u{tk)) — Joo < c{tk — Sk) ■ We conclude 

ir\sjiu)\r 

Sk 

ptk 

<{tk-Sk) / |(5J(u)p < c(4 - s/c)(J(u(sfe)) - J(m(4)) 

Sk 

-5^)(V(u(s/i;)) Too) ^ )(T(u(t;c—1)) Too) 

<c(4 - Sfc)(4_i - Sfe_i)^^ < 022^"+^(2'="^)^ < c(2"^)'="^ 
having used Jensen’s inequality. Consequently 

= [ i<^-^(m)i < 00 , 

mi k 


(3.57) 

(3.58) 

(3.59) 

(3.60) 
we have 

(3.61) 

(3.62) 

(3.63) 

(3.64) 

(3.65) 
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whence lim;_>.oo 



|<5J(u)| 


0. This contradicts (|3.56l) and we conclude 


u 


2n 

u) in 


as t 


oo. 


(3.66) 


Now let xq G M. Then ||i?|| n = o(r) by proposition 12.Ill whence 

(Brixo)) 

= Ru^ = Pu with = o{r). (3.67) 

Lemma 17^ then shows sup^g < oo for all p > 1 and due to 

—Cn^ggU ={R — rK)u^^ + — Rg^u (3.68) 

and proposition 12 .11 1 it follows, that (—Art) C and applying Calderon- 
Zygmund estimates, that (w) C 'H> L°° is uniformly bounded. 

Then lemma [2731 shows 0 < c < u < C < oo. Due to proposition 12.Ill we 
have / |i? — rK\Pd^ —>■ 0 for all p > 1. With this at hand one may 
repeat the arguments proving proposition 12.81 to show 


|■u(a::l,^l) - •u(a:: 2 ,t 2 )| < C{a){\ti -t 2 |^ +d(xi,X 2 )“), (3.69) 

for all a;i,a ;2 G M and 0 < ti,t 2 < oo, |ti — t 2 | < 1, where 

0 < a < mini — , 1}. (3.70) 

n 

By standard regularity arguments then (u) C C^’°‘ is uniformly bounded. 
As for the speed of convergence note, that as before we have 


dt{J{u) - Joo)^ > c. 

From this we obtain polynomial convergence of J(u), namely 

C 


0 < J{u) - Joo < 


(1+t) — 


Moreover 

dt\\u^ -u}^\\l2 <c|(5J(m)| 

and applying once more the Lojasiewicz inequality (13.601) 

dt{J{u) - Joo)^ < -c{J{u) - Joo)^~^\SJ{u)\'^ 

< - c{J{u) - Joo)“i^||9J(u)|||(5J(u)| < -c|(5J(u)|, 

whence 

dt\\u'^ - a ;^||/,2 < -Cdt{J{u) - J(oo))^- 


(3.71) 


(3.72) 


(3.73) 


(3.74) 


(3.75) 
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We conclude polynomial convergence u 


2n 

u) in L"-2 via 

||u — call "“a™ <C'||u'^^ — ca"^^ 11^2 < C{J{u) — J{oo))^ 

C (3-76) 

<- 

(1 + t) i-v 

With uniform boundedness at hand we may use Sobolev space interpolation 

||a||vv»=,P < C'(A:,p)||u|||^,,_i,J|a||^*,+i,p (3.77) 

to conclude polynomial convergence at least in each Sobolev or Holder space. 
Note, that in case 7 = 1 we have 

dt{J{u) - Joo) < -c\5J{u)\^ < -C\J{u) - Jool, (3.78) 

whence J{u) \ Joo with convergence at exponential rate. Moreover 

5t||u^ - ca^||i2 < c|(5J(m)| (3.79) 


and 

dt{J{u) - Joo))^ < -c(J(u) - Joo)-^|W(u)|" < -C\5J{u)\. (3.80) 

By the same arguments as before we conclude u — > ca at exponential 
rate in every Sobolev or Holder space in case 7 = 1. 

In the generic case Er^ioj) = 0, cf. lemma [3l6l however the Lojasiewicz in¬ 
equality (13.601) holds with optimal exponent 7 = 1. 

Indeed J{u) = J{uj) for u € (uj) = Hq{u}) by scaling invariance and 

I J(u) — J(ca)| < lu — cap and |(5J(u)| > c|u — ca| (3.81) 

for u G (ca)''‘^‘'o = = kern{d‘^ J{ui)). □ 


4 Case 63=0 

The starting point in this section is a flow line u G V(p,£), that we study by 
analysing the evolution of the parameters a^, Ai, ai in the representation 

u = aVi + w = aVai,Ai + V 

given by proposition [STOl To that end we test the flow equation 

dtu = -^{R - rK) 

with Xidx^ifii and cf. definition 13.41 
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Lemma 4.1 (The shadow flow). 
For u € V{p, e) with e > 0 and 


— 


/* / - ^ + 2 
/ [Lg^u - rKu'^--^)(j)k,i 


= 1,... ,_p, fc = 1,2,3 


we have by testing Kdtu 


= — (i? — rK)u with 


* 4^k,i 


Oii 


n + 2 

Cl ^ 


(a) 


(Hi) 



n + 2 

(y. 

* ^ 0 ’ 2 ,i(l + 0 1 ( 1 )) + i? 2 ,i 
C2Ai 


XiCli 


n + 2 

—+ 0^(1)) + i?3^i 
C 3 i 


with constants Cfe > 0 given in lemma \3.5\ and 

Rk,r = + ||?;f + \6J{u)\^)k,i. 

r^s 

Proof of lemma \4-l\ 

For each i, j = 1,. .. ,p, k = 1, 2,3 let 

(Clj),Csj) = i^jj ~^jT~ (4-1) 

and recall 

(^k,i — dk^i^pi — i+i-, Xidx^Pi, aiPi)- ( 4 - 2 ) 

Testing Kdtu = —{R — rK)u with u'^(j)k,i we obtain using f Ku"-^ 4’k,iV = 0 


= J dtuKu^-'^(pk,i = J dt{oi^pj+v)Ku^-^4>k,i 
Ku^(l)ij(j)k,i- J Kv[dtu'^(j)k,i + dt(l)k,i]- 

Note, that 

J Ku'^4>i^j4>k,i = J K{a"^prn)^(t>id4>k,i + 0{\\v\\)k,i,i,j 

C c 1 1 \ r 

=Ck(y^ KiOklOij + 0{ - ^ \n -2 

Ai A^ A- 

P 

+ 0( ^ e,,^ + \\v\\)k 

^,1,3’ 

iz^rn—l 


(4.3) 


(4.4) 
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Indeed 


J' K(^Oi ^rn) 


[^i>Yl%m = l ^rn] 
P 

+ E o( 


(4.5) 


Vi^m + 




VPi<Y7i^m=l V"*l 


Z^^TTl -1 r 1 

[‘Pi>l^i^rn = l^rn] 

whence by means of lemma 13.51 we have 

f ^ P 

/ K{at(pi)^(j)lj(j)k,i + 0{ ^ Ei^jn) 


[Vi>E?5im = l Vm] 


izjLm—1 


p 


+ 0 { 


[Vi<Y,%rn = l V’m] 


n+2 

iz^rn—l 
P 


(4.6) 


f 4 ^ ^ 

I Kif^ ^ ^ ^i,m) 

i:^rn—l 

f ^ ^ 

4^l,i4^k,i H" ^ ^ ^2,m) 






5ij6kl I Kif^ ^<(’li + 0(y2 + ^ji_2)^*J +0( ^ Ei.m)- 


From this ()4.4I) follows. Moreover we may write 

J Ku'^dt(l)k,iV = 0{\\v\\)i^k,i,ji^’^ 

using |5a^fc,i|) \Kd\^4>k,i\^ \^'^ai4>k,i\ < Cifii and estimate 


(4.7) 


Kvdtu^-'^^k,i \ = 


n — 2 


){R - rK)u^-^4>k,i 


<C j \R — rK\u^-^ (pi\v\ = C J |i? — rit'lu"-2 |m — n||z;| 

<C J |i? — Ir^l + (7 J |i? — |rip 

<C(||i7-riF|| ^||z;|| + ||i?-riF|| .|H|2) 


(4.8) 
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using \4>k,i\ ^ Cifii, whence according to proposition 12. Ill we obtain 

j Kvdtu^<!>k,^ = 0(|<5J(n)p + ||^;f). (4.9) 

Thus plugging (14.41) . (14.71) and (j4.9l) into (14.31) we obtain for 


A* Xf ' A" 


+ 0 (-L—^ + ^2 + -—2 X/ + \\v\\)k,i,l,j 


i:^rn—l 

the identity 

^k,i,i,jt'^ = crk,i + 0(||i;|p + \SJ{u)\'^)k,i. 

For the inverse of 5 we then have 

4 

Q;2-r, 


’='-1 


Cfe Ki 




+ 0(^ ^'^+j2~^yi-2)k,lSij+0{ ^ Ei,™ + 


(4.11) 


(4.12) 


i:^rn—l 

and the claim follows, since by definition ak^i = 0(|i5J(m)|). □ 

Consequently our task is two folded. We have to carefully evaluate ak,i by 
expansion and find suitable estimates on the error term v. 

Proposition 4.2 (Analysing ak,i)- 

On V(p, e) for e > 0 small we have with constants &i,..., 64 >0 


r*; 


Vrv^ 2 . r 2n 

P ra^K 

+ 4n(n - 1) ^ -TW: “ 




n + 2 

Hi raf~^ AKi ra’ 

diOii „ + ei—;-—h Oi- 




k Xi 






(li) 


(72,i = - 4n(n - l)Qf4 


raf ^ Kj 
4n{n — l)k 


- 1 ] / (fif ^Xidx,(fi 


i/j = l ^ ^ 


raf Kj Hi 

^il”; TTr" “1“ d20ii ^ yi—2 


A" 


to" ^ AKi . raf ^ Ki 

62-;-7^- O 2 - - - 2_^ OljAiOx.Sij R2^i 


k Xf 


i/i=l 
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(Hi) 


CTa.i =4n(n - l)a4 


rar^Ki f ^ 1 „ 

~ 1] y 


4n(n — 1)A: 


ra" ifj 1 

a^l— -7T^ - 1]—Vai^jj 


+4„(„ - i)i,, j: „„ ., 

i/j=i 


n + 2 
a-2 


ra^' * VXi VAi^i, 

+ ^ [63—[— + 64- 


A, 


A? 


n — 2 Tv^ 

, ro:,- i\i \—^ Qi' 

+ bs -7- ^Va^eij■+i?3,i) 


i/i=l 


w/iere = 0e{^^ + Y)i^j=l + 0{J2r^s ^r,s + lklP)fe4- 

Proof of proposition \4-2\ 

By definition and conformal invariance 


y — n-t--^ / — 71+^ 

{LggU- rKu'^-^)(j)k,i = - / {R- rK)u’'-'^(j)k,f (4.13) 

We start evaluating 

j LggU(l)k,i = J Lgg{a^pj +v)(l)k,i = J LggPj(j)k,i + J Lg^(j)k,iV. (4.14) 

Using lemmata 13.31 and 13.51 we obtain for a > 0 small 

Rgo^j4^k^i — Rgo^i4*k^i 4 “ ^ ( kXj Lg^ipjC^k^i 


*7^i=l 


=4n(n-l)Q;i / ip)) ^ 4>k,t 

JBo,{ai) 


StT/Ctx Ck' 


n + 2 

n^^ I {{{n-l)Hi + ridriH^)r)'~‘^p"~^)(l)k,i 

B+ai) 


p 


+ 4n(n — 1) ^ 


i/j=l Bo,{aj) 


n+2 

V^i" ^ ‘t’kp + 0( 


1 P 


j/i=i 


(4.15) 


P 


=4ri(n — l)ai 


I ^/c,z “1“ 4?7.(71 l)^fc ^ ^ 


^TZCrj Qi 


P 


n + 2 

((n - l)iZi + ridriH,)r'^~‘^ip"-^)(j)k,i 


/I 4 

® z/i=i 
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Indeed the curvature related term arising from lemma [231 is of order 
r .2 ^ 


/b„(o) Ai ^ 1 + ^ 




= A-40(A.,lnA.,l)=o(^). (4.16) 


Thus 


j L'gQ^j4^k,i 

=4n(n-l)[ai / iPi~^(t>k,z + bk ^ a^dfc.ieij] 

*/i=i 

- {n - l){n - 2)cna^Hi [ -Ai^A^,-^V)( 

J Bc{,0) t + A, 

- (n - 2)c„a,Vi?, [ -A.^a,, ^V)(-^^) 

iB„(o) 1 + Afr^ 

1 ^ 

+ 0e(t;I32+ X! 

* z/i=i 

2 

using 7raVQ.Ga“" = 2a: + 0(r"'“^). By radial symmetry we then get 

r r 71+2 P ^ 

/ ^go^j^k,i =4Tr(ri 1 )[q:2 j 4^k^i T ^ ^ 

H, H, , Vi7, 

Ar^ Ar 

p 


(4.17) 


— q:^ (wi-:7, Wo-n •) -r ) 

-*- \n—2 ’ 2 ’ 


(4.18) 


+ 0£(T7r:2+ X! 


'A 


i/i=l 


with dk > 0- Inserting this into (I4.14|) and applying lemma [3 .12 1 srives 

JLg^u4>k,i = J Lg^{a^Lpj +v)4>k,i 

=4n(n-l)[aj / (j)k,t + bk ^ ajdk,ie^j] 

*/a=i 


(4.19) 


{di-^,d2-^,d^-^) + Oe{-^ + Eij) + Odlull^). 


- O; 


*/i=i 


Next from lemma (3.121 we infer 


J Ku'^-^k.i = J + 0(|kf). (4.20) 
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Clearly 


f . n+2 


I O ^ 

\ ^+2 Tl-\-Z , 4 

il [atipi) (pk^i + ^ ^ , aj^pjcpk^t 


[aiVi>T,i^j=i o^jVj] 


*7^i=i 


/ / ^^ \ 


(4.21) 






+ o( 






[Vi>eEi5^3 = i V’j] 


i/i=l 


V’j] 


*7^i=i 


whence 


/ n+2 

f T^/ \ I 7Z + 2 4 V 

— I K\OLi^i)‘^~'^(pk,i~\~~^ ^ (Q^z'^z) ^ ^j^jYk,i 

r P 

I \ "y n + 2 

+ J ^3^3)^^k,i 


i/i=l 


(4.22) 


i/i=l 


+ o( 


+"■' E ‘^r 

i/i=l 




[vi>^T.Ui=iV,] hvi<EU-=i¥=h 

Therefore we obtain applying lemma lT5l 


*/i=i 


f / \ ^+2 

/ K{a^lpJ)^-‘^(t>k,^ 

= I K{a^ipi)^(j)k,i + ^ ^ E ^3‘P3^k,i 

!■ p ^ ^ p 

+ y E + Oe( E 


j/i=i 


i/i=l 


Moreover note, that for e > 0 sufficiently small 

p 

M = > e J 2 ^ 3 ] = uLi^i> 

i/i=l 


(4.23) 


(4.24) 
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whence for Bi = Ai \ we have M = Y^i=i This gives 

/ p p p p p 

K{ ^ ^ Oijipj)'^-'^(j)k^i= 'y ^ I ^ ^ Otj^j) 4 ^k,i ^ o{ ^ ^ ^i,j) 

i/i=i */i=i B i/i=i 


= ^ / + 0( ^ / ipr '"(Ps‘fi)+o{ ^ Eij) 

i=pij=l 8^i,r^i j/i=l 

r^s 


(4.25) 


and we obtain using Holder’s inequality and lemma [331 

/ p p r 

ajipj)^-^(l)k,i= J K{aj>fj)—^(t>k, 


i/i=i 


i/i=i' 

o( y] £i,j) + 0(y^£r.s)- 

i^j=l r^s 


(4.26) 


Therefore 


/ n + 2 "+2 r n + 2 n + 2 C 


n + 2 /* n + 2 

a""" / 


i/i=i 


n + 2 


n — 2 


a,- 




k,i^j 


(4.27) 


i/i=l 


p 


Oe( X! ^r.s)- 

i/i=l r/s 


By a simple expansion we then get 


/ „+2 "+2 r n + 2 n + 2 f n + 2 

K{a^Pj)^(l)kp =a"~^ Ki J (j)k,i + ^ J ‘Pj~'‘4>k,i 




p 


” ^ra" " y] / 93" ^ (j)k,i^j 
i/i=i 


n — 2 


, Aif, ATT, ViC, , VAif,. 

+ Qfj (ei ^2 ’®2 ^2 ’®3 +64 ^3 ) 

+ °e(T7T2+ X! + Q(y^gr,s)- 

I i/i=l r/s 


(4.28) 
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Indeed using (17.lip . (17.121) . (17.131) we have in case fc = 1, 


{K - 




'B>,ic(0) (1 + r2(l + ^ 

f Ki±-)-KiO) 


+ 0 (t^) 


1 N ATsTi , 1 , 

+ + o{j^), 


(l + r2)" ' ""'A” ''"A? 

where ei = ^ In case fc = 2 we get 


^ 71+2 

{K - K,)ipr" ^k,^ 


n-2 1 


2 aJs,^„(o) (l + r2)"+i + 

Aif, , 1 , 

~®2—i^2 ^ )> 

where 62 = and in case fc = 3 


/ n+2 7? — 2 /* 1 2n 


n — 2 \/Ki 


2n ri — 9 \7 C -2 


=63- 


2n Xi J ^ 2n Xi 

VKi WAKi , 1 


A, 


+ 64- 


Af 


with 63 2n /r" (l+.r2) n ; 64 ^^2 /]an (l+r^)" • 

Plugging (14.281) into (14.201) gives 


f n + 2 

/ Ku^-^(j)k,^ 


n + 2 
a-2 


—Ctj itii j (/7j (j)k,i + ^ ^ Oj Kj 


■ n + 2 

^ j 4 ^k,i 


n + 2 

i+2. AK, AJs:,- VKi 


^ ^ 4^k,i+j 


■+" '(ei 


Af Af ’ 

p 


63 - 


A. 


, VAi^,, 

+ 64 ^3 ) 


+ Oe( 2 + ^ gzj) + 0(y^ g+.s + l|n|P) 




r^s 


46 


(4.29) 


(4.30) 


(4.31) 


(4.32) 








































and inserting finally (I4.19P and (14.321) into (14.131) we conclude 
o-fe.i = - 4n(n - l)[ai / (j)kp + bk ctjdkpSij] 




+ Oli{di yi-2 > ®2 yi-2 ■> ' 


.- , - . .- , - _ n + 2 .- , - 

+ <^r''-r^i / v>r^4'k.z+ 


n + 2 
a-2 


j/i=i 


p 


n + 2 i^r ; ^^±2- 

:(a,- / +i Ykp+j 


(4.33) 


n -2 * k 


i/i=l 


VKi VAKi, 


1 


+°e{-^+ X! ^»,j)+o(y^£r.s+ii'i^ip)- 

* i/i=l »'/s 

The claim follows. 

As CTi^i = 0(|(5J(u)|) the equations for a 2 ,i,<Jz,i simplify significantly. 
Corollary 4.3 (Simplifying ak,i)- 

On V(p, e) for e > 0 small we have with constants & 2 , • ■ •, 64 >0 
fi) 

' ' TT 2 vrv^~^ / \ r\ ,• 7-/V. x\.2 X—^ 

T / ^ ^2,2 


□ 


(72,i - d 2 a ^^^:^ + 62— - -^2-"2 


-2 A _ "-2 

— 62 


i/i=l 


("fi; 


VK, , VAK,^ ^ ^ raf-^K, ^ a. 

O's.i —- -j^ - ^ -A? ] ^3- + dls^i 

’■ * i5^i=l * 


where 


Rk,i — Oe( „_2 + X/ ^r.s + Ikll^ + 1 J(^) l^)fc,» ■ 

* *7^1 = 1 ’’t^S 


Proof of corollary \4.3[ 

We have 

C'|(5J(u)| > I J {R- rK)u'^pi\ = |(Ti,i|, 
whence due to proposition 14.21 for fc = 1 

=i + o(+j + l^+ ± 


(4.34) 


4n(n — l)k 


A" 


\2 ' 

* i/j=l 




(4.35) 
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Inserting (14.351) into proposition 14.21 for k = 2,3 proves the claim, since 


A* 


/ 


2n 

(p"~^, Xidx, 



= o(^: 


(4.36) 

□ 


We turn to estimate the error term v. To do so we characterize the first two 
derivatives oi J a,t = u — v. 

Proposition 4.4 (Derivatives on H{p,e)). 

For e > 0 small let u = d^Lpi + r; G V{p,£) and hi,h 2 G H = H^ip, e). 

We then have 


0) 


||5J(oVi)L//ll = 0(^^ ' ^ 


n—2 


A^ A) 

+ + ||w|l^ + |(5J(u)|) 

r^s 


(li) 


-d'^J{dipi)hih2 Lgghih2 - Cnn{n + 2)^ J p" 

i 

+ Oei\\h4 \\h2\\) 


Proof of proposition 14-41 

Let in addition h € Hu{p,£) with ||/i|| = 1. From proposition ll.il we then infer 


-dJ{dp^)h=kJ^_[ I Lgg{d(p,)h- / (4.37) 


and 


1 


d^J{dtpi)hih2 lLgghih2 - 


n + 2 
n — 2 


(rK)ai^i{dpi)'—-^hih2] 


(4.38) 


+ Oe(||hi||||h2||), 

since, when considering the formula for the second variation, we have 

J Lg^uhi=^ J Ku^h^ + 0{\SJ{u)\\\h^\\) 

=L J Ku^vh, + Oi\SJ{u)\\M) 

=0(||r;|| + |<5J(«)|)||/.4||. 


■Ki 


Using ^ = 4n(n — 1) + Oe(l) and c„ = 4^^ we obtain 

1 
2 


d‘^J{dipi)hih2 =k^rg,.[j Lgghih2-Cnn{n + 2) J ^ ^ hih2] 

i 

+ oMhMh2\\), 


(4.40) 
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This shows the statement on the second derivative. Moreover by lemma 13.121 
+ + X! ^ + ll'^ll^)- (4.41) 


h h 


r^s 


We obtain with rK = = {t)uK 


-dJ{a^ip,)h=kJ^,[ Lg„{a^ipi)h- / rK{a^ipi)^-^ h] 


where due to lemmata [3431 and [TS 


Ar- 


r^s 


n + 2 

K{a^^,)^h=Y, [ Lggif.h 


A2 


4n(n — 1) 


r^s 


This gives 


(4.42) 


(4.43) 


1 2-n rrt"~'^K- r 

-dJ{a\i)h=k r a\l --^) / Lg,^,h 

2 ^ ^ 4n(n-l)fcV 


o(E 


\WKr\ \AKr\ 1 


\r' 


Xr A’ 


n—2 




r^s 


(4.44) 


From this the assertion on the first derivative follows from (14.351) . □ 

The second variation at a Vi turns out to be positive definite. 

Proposition 4.5 (Positivity of the second variation). 

There exist 7,^0 > 0 such, that for any 

u = d^tfi + V &V{p,e) (4.45) 

with 0 < e < £0 we have 

aV(aVi)Lff>7: H = Hu{p,e). 

Proof of proposition 14-51 (cf. m, proposition 5.4) 

In view of proposition 14.41 there would otherwise exist 

Cfe \ 0 and (wk) C Hu^(p,ek) (4.46) 


such, that 
1 = 


+ Rg^wl < c„n(n + 2) ^li^ 




k ^k- 


(4.47) 


49 





















We order < • ■ ■ < and choose 'yt Z' oo tending to infinity slower than 


1 


\ T^ik,0k 


does tend to zero in the sense, that for all i < j 


'Ik ''3k 

Ik 


Ik 


Z OO 


as k — > OO. Define inductively 

^j,k = Byk^(aj).) \ Ti^ ). 

Then there exists j = 1,... such, that 


lim / Wfe > 0 


k —foo 


(4.48) 


(4.49) 


(4.50) 


(4.51) 


and 


lim / Cn\ywk\l^+Rg„wl<Cnn{n +2) \im (4.52) 

k k 3oa J 

Blowing up on one obtains Wk —r'. w locally with w G IT^’^(K") and 

/ |Vdi|2 < n(n + 2) / (T^)"^^^ f (4.53) 

jRn i -h r J-^n i -h r 

In particular w 0. But due to orthogonality Wk G {p, e) one finds 

f , 1 ,2±2 - f , 1 —/.I 

and 

r 1 -nj-o nr 

(4.55) 


1 ^ + 2 X - / \ p. 

= 0- 

I 1 + 1 + 


This is a contradiction, cf. [55] Appendix D, pp.49-51. 


□ 


Smallness of the first and positivity of the second derivative give a suitable 
estimate on the error term v. 

Corollary 4.6 (A-priori estimate on v). 

On V(j>, e) for e > 0 small we have 

II„II = o(y: ^ + HJ(„)|), 


r^s 
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Proof of corollary \4.6[ 

Note, that d^J is uniformly Holder continuous on V {p, e) by proDOsition ll.ll and 
the remarks following, whence in view of proposition 14.51 we have 

dJ{u)v =dJ{a^ipi + v)v = dJ{a^<pi)v + J{a^<pi)v^ + o(||?;||^) 

>aj(aVi)i'+ 7lkll^ + o(||'y||^). ^ ^ 

Since v S Hu {p, e) the claim follows from proposition 14.41 by absorption. □ 


Thus having analysed Cfey and the error term v the shadow flow reads as 

Corollary 4.7 (Simplifying the shadow flow). 

For u G V{p^ e) with e > 0 small we have 


0 ) 


(ii) 


\i _r ,d 2 Hi 62 AKi 

+ R 2 ,i 

\ • _rre3VKi CiVAKi 
+ ^3,ii 


^2 

C2 


V ^\dx,ei,,]{l + o^{l)) 

Q,. 


C3 


p 

E 


Oii Ai ’ 


where 

R 2 ,ii R3,i 



+ o(E 


+ E 

*/i=i 

|Vif,|2 lAKrl"^ 

A2 Xf 


1 

\2(n-2) 

A’p 


E< 

r^s 


\ 6 j{ur). 


Thus the movement of ai and Ai is primarily ruled by quantities arising from 
self-interaction of pi and direct interaction of pi with other bubbles pj. 

Proof of corollary \4.7\ 

This follows immediately from corollaries 14.31 14.61 applied to lemma 14.11 and 
using (14.351) for the Hi term; we have replaced 


5 Case tL>>0 

Analogously to the case w = 0 we establish the shadow flow. 

Lemma 5.1 (The shadow flow). 

For u G V{uj,p,e) with e > 0 small and 

ak,i = - J{LggU - rku^)4>k,i, z = 1,... ,p, fc = 1,2,3 

we have suitable testing of Kdtu = —{R — rK)u 
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ai a. 


n + 2 
2-n 




A. 


Ai 02^1 


c^i,z(l + 0 1 (1)) + Ri^i. 


0'2,'i(l + 0 1 (1)) + i?2,z 


n + 2 
2-n 


A^Oj — f73 j(l “h O 1 ( 1 )) “h R'i i 

c^Ki ^ 


(^) 

(ii) 

(Hi) 


with constants Ck > 0 given in lemma \3^ and 

Rk,i = , Ji_2 + 

/ 

r r^s 

One should not be surprised, that in contrast to lemma ini there appear 
terms in Rk,i- Indeed, just like Sij measures the interaction of the bubbles ipi 
and ipj , the interaction of Ua p and ^pi is measured by J _2 . 

A.~ 


Proof of lemma 15 . 1[ 

Let 


A, 


(Ci.jiCzj, ^3,^) — (dj, ttj ,ajXjaj). 

+■ 


( 5 . 1 ) 


Testing as indicated in the statement we get 

o-fc.i = J Ku^dtU(j)k,i = j Ku^dt{ua,i3 + a^(Pj+v)(j)k,i 
j Ku^(t)pj(t)k,i - J Kv[dtu^(j)k,i +u^dt4>k,i]- 

The first two integrals on the right hand side above may be estimated via 

J U^ipi = J {Ua,l3 + a’^lfq)^tpi + 0(||w||) 


( 5 . 2 ) 


ri+2 

t ,-2 


<C I ipi + ^ + C ^ 

^Pq=l • 


Pq ^p^ + 0 {\\v\\) 


^ \\pq '^PiW^^ + 0 {—r :2 

ipq=l Aj ^ 

= 0{ n-2 + O.qr +11^^11) 


( 5 . 3 ) 
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where we made use of lemma 13.51 yielding 


d J ^ J Kw^ ^ 

0( + J2^^q=l ^i,q + IkIDfc.i 


0{ „_2 +J2i=^q=l^i,q + \M\)k,i,mj \$ 



(5.4) 


Turning to the third summand on the right hand side of ()5.2I) note, that 

J Ku^4>ij(j)k,i = J K{uc,i3 + a'^ipm)'^4'i,j4'k,i + 0 {\\v\\) (5.5) 


and 


J K{Ua,l3 + 

K{a^(pm)'^ 4>i,j4'k,i 




+ o( 


{a^iPm)^-^Ua,l3^Pjipi 




[a^(pm<Uc, 




+ 0 ( 




Ji,i3 ‘•Pj^Pi) 


<J PjPi)- 


(5.6) 


q^7n^‘U>ct 


[a^ipm<u-a,p] 


Using 


and 


PjPi <C{ ipi+ (/j" VO = 0(A, " + Eij) 


(5.7) 




[a"*93m>«a,/3] 

<c 


(oi ^m)" ^'^a.PPi 


[a'^Vvn,>Ua,,p\r\[ipi>Y7i^^=i q>q\ 


(5.8) 


+ C 


{a'^(Pm)’^-'^Ua,l3Pi 


[a'^iPm.>y-a,pWVi<Y.%^=l q>q\ 


n + 2 
a-2 


^C'( I Pi ^ Pq)" ^Pi) — 0(Aj ^ + y] Ei^q) 

iiiq=l ipq=l 
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we obtain 


J K{Ua,i3+a^(pm)''-^(t)l,j(t>k,i 

— / K(a^(pm)^~^ 4>l,j4‘k,i + 0{X^ ^ Eij) 

i/9=l 

=a" ^ f ^ 4>i,j4‘k,i + ^ Eij), 

*/9=l 

where we made use of (|4.6I) . Plugging this into (15.51) we obtain 

J Ku^(j)ij(j)k,i 

P 

[ ^‘fi~^4>l,j(t>k,i+0{X^^ + ^ Eij + Ikll) 


=«,- 


i^q=l 


4 \\/K \ n-2 - 

=CkOL^ ^ KiSkiSij + 0(—r—)5ij + 0(Aj ^ ^ ^ £ij + ||u||). 

* *7^9=1 

Moreover arguing as for (HTl) and (HU) we have 

j Ku^dt(l)k,iV = 0{\\v\\)i^k,i,ji'‘’^, 

and 

J Kvdtu(j)k,z = OiWvW^ + \SJ{u)\'^). 

Thus plugging (15.4L (15.1011 . (I5.11|) and (15.1211 into (I5.2|l we conclude 

/ 0{ ^ +J2t=^q=l^’.,q + \\'^\\)k,t \ 


^k,i — 


where 


Oj r.^ii + £i,q + lkll)fc,i,l 

V ^k,i,l,j 

+ 0{\\vf + \SJ{u)\%,,. 


-n n-2 TV- r r I /n/ I ^I \ t: 

— ^k^i ^i^kl^ij “r 7 )k,l^ij 


/ 



1 ^ ^ 

+ Oj—^rr + £^,q + \\y\\)k,t,i,j- 


(5.9) 


(5.10) 


(5.11) 

(5.12) 


(5.13) 


(5.14) 


Next let 


a = — [LgqU — rKu''-'^ )u. 


Q,I3 • 


(5.15) 
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We then have 
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and 


^ n-l ^ ^ ^r,5 

r Xr^ r^s 


(5.22) 


Using (T,ak,i,<Jn = 0(|(5J(u)|) we obtain 

/f\ (-\ 

I I — I I Rk,i,n (5.23) 

VH \^nj 

with 

Rk,2,n = 0{^2 ^n-2 + \^-H'>^)\'^)k,i,n- 

At’ , 

r r^s 

Note, that we may write A = Ai^k,j,i,n,m as 

/B C 0\ (I CD-^ 0\ /B 0 0\ 

A = ic D 0 = CB-^ I 0 0 D 0 , (5.24) 

\o 0 uy \ 0 0 ij \o 0 Ej 

whence we obtain via Neumann series 

/B-i 0 0 \ oo / 0 CD-^ OY 

A~^ = \ 0 D-^ 0 

V 0 0 U -7 fc=o V 0 0 0 / 

Last note, that the third row of is just E~^, where E = E. □ 

As before our task is two folded, namely to analyse ak,i and to provide a 
suitable estimate on v. 


Proposition 5.2 (Analysing (7k,i)- 

On V{uj,p, s) for e > 0 small we have with constants 61 ,..., ^3 > 0 


7 


^ ra"~^ K. 


4n(n — 1)61 


OlA I . / - . , 


i/i=i 


4n(n — l)k 


- / {Lg^Ua,0-rKuf^ J)(p^ 


, ^ ra" ^ raf ^ aK.uj^ , ^ 

+ ^1 -- 2.^ j + di - - -+ Ri, 
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(ii) 


(in) 


(T 2 ,i = - 4n(n - l)ai[ 


ra" ^Ki 


n + 2 
a —2 


— 4n(n — 1)62 


4n(n — l)k 
^ . ra^~^ K 


- 1] / (fO ^Xid\,ipi 


*/i=i 


^4n(n — l)k 


1] XiOx^ ^i,j 


I (4^*?o^ctj/3 ^Xidx^ipi 


ra" ^Ki ^ raO ^ Ki auj, 

— 02 - - - CXjXiOXiSij + 0,2 - - -+ i? 2 ,i 

a,,, =4„(„ - I)°.[ - 1| 


ra" Kj 1 

-7T^ - 1]—VaiEjj 


+ 4.,(„-1)I,3 E , 

z/j = l 

/ n +2 2^ 

{Lg^Ua^p — o-i^i 


+ bs 


4 'X/aiEiJ + d[ 


k ^ A, 


n+2 

r<-= Vi^. 

3- -, -^-H ^3,i, 


X^ 


where + YTi^j=i£i,j) + 0{J2r^sSl,s + IMP + \bJ{u)\^)- 

xp^ 

Here and in what follows uji is short hand for uj{ai) analogously to Ki = K(ai). 

Proof of proposition \5.2i 

We evaluate by means of lemma 13.121 

f - n+2 

/ {Lg^u-rKu^-^)(l)k^i 


= J LggUa,i3(l)k,t + J Lggipj4>k,i - J rK(ua,i3 + 

+ o( n-2 + yp £jj) + 0(||z;|p + |(5J(u)p). 

\ ^ */i=i 

From (14.181) we infer 

d-igQ^a,f34^k,i 4 " j 


n + 2 
n-2 


P 


=4n(n-l)[aj / tp)) '^4>k,i + bk ajdk,^Sij] 

i/i=l 

f 1 ^ ^ 

4 ” / djgQUa^i3(j)k,i ^_2 + ^ ^ 

J A.— 


i^j=^ 


(5.26) 


(5.27) 
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where (di.i,<^ 3 ,i) = (Ij—^VaJ- On the other hand we may expand 


K{ua,p + 


K(Ua,j3 + a^(pj)'^4>k,i 


[uc,fi>a^Vj] 


f ■ \ ^ + ^ 

+ / K{Ua,l 3 + a^(pj)"-^l 


[Ua,l3<0:^ ^j] 


\ 


• n + 2 

K[a^ ( 


[Uc,^0>Oi3Lpj] 

Ti + 2 ( 


n — 2 , 

+ o( 


[uo,^l3<ai ipj] 


4 

K{a^ipj)~Ua,0(j)k,i 






[lla,/3<Q'»Vj] 


This gives 


J if(Wa ,/3 + 

/ n+2 f n+2 

K{ua,i3)"-^4>k,i + / K{a^ipj)''-^(j)k,i 

J K{a^ipj)^Ua,p(t)k,t 


n + 2 
n-2 

+ 0 ( 


[“a,/3>O^V3] [“<»,/3<a'’Vj] 


Note, that / +1 = o( nL^ ) and for suitable e > 0 we have 

[«Q,/3>C0Vi] ^ 






(aV,” "(Wa,/3)^+*) 






[ua,p<a^ Vj\ 


(5.28) 


(5.29) 


(5.30) 
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whence 


[uc,,p<ai ipj] 

<c 


{Ua^pY^Pi 

pf'^+C 


/ B e Oj 




(E 


<o(^) + i[ur^,=iB,^(o)]i^ E 

\ ^ */i=i 

Plugging thus (15.311) into (15.291) we get 

/ n + 2 

/ n. + 2 f / \ ^ + 2 

^(^a,/?) ^fc,z “1“ / ^ ^ 

“t ^ ^'^a,p4*k,i “t“ ^( ^_2 ^ ^ )' 

~ ^ J X“ 2 “ 7 "^i 

Then (I4.28|) shows 

/ n + 2 

K{ua,p + a^pj)''-'^4>k,i 

n + 2 r n + 2 C n + 2 ^ n + 2 C n + 2 

=ar^Ki J (^"-"(/)fc,* + J Ku 2 ;p(t>k,i+ E J 




71 + 2 ^2 / n -2 / 

+ E “1 J 

*7^1 = 1 


^. AK, AK, VK, VAKi . 


+ Oj (ei ^2 J ^2 ^2 ’ ®3 +64" ^3 

n + 2 f 

+ 2^* / Ua^p(pk,i 


+ 0e( 


1 


P 


n-2 I E ^».i) + *^(E ^r.s) 

Aj ^ j/i=i i-5^s 


(5.31) 


(5.32) 


(5.33) 
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and we obtain letting (di,*, ^2,15 d^^i) = (1, —Xid\^, ^VaJ 


n + 2 

K{Ua,i3 + a^^j)^(t)k,i 

/ n + 2 r n + 2 ^ ^ n +2 

4^k,i H“ / 4^k,i ^ Kjbkdk^iSi^j 


=a 


n+2 

n-2 


i/i=l 


d~ / ^ O^jKibj^dk^iSij -\- CX^ ( 0 , 0 , 63 — ) 

i/i=l 

4 I" n+2 2 + ^ ^ 

+ +””^ Kdk,i'fi~'^Ua,l3 + Oe{ „- 2 + ^ j) + 

Aj ^ i/j=l r/s 

Since Ua, 0 {ai) = auj{ai) + Oe(l), we get in cases k = 1,2 with dk > 0 

[ Kdk,i(Pi~''Ua,l3 = dk + Oe(—;^), 

A+ A+ 

and in case fc = 3 by radial symmetry 

r I ii±l 1 

/ Kuj—Vai^i " = 

7 Aj ^2 

We get 

[ K{Ua,l3 + 


n+2 

=ar^K, 


/ n + 2 /* n + 2 ^ n + 2 

4^k,i I -^^a,/3 4^k,i H“ ^ ^ Kjbkdk^i^i 


i^j^l 


, aK^uJ^ , oizVXz 


+ ^ ('^i 


+■ 


ds 


n —2 5 n —2 7 \ 

A,~ A,~ 


-) 


^ ' Oj ajKibkdk,iSij + Os{ „_2 + ^ ^ ^i,j) "A Q( '^ ^ ^r,s)- 

i^j=l Aj ^ i^j=l r^s 


(5.34) 


(5.35) 


(5.36) 


(5.37) 
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Plugging (I5.27P and (15.371) into (15.261) yields 


/ n + 2 

{Lg„u- rKu^-^)(j)k,i 

= 4:Tl(^Tl 1)[02 / (p^ ^ ^ “ 1 “ / LgQUQ^ p(l)kp 


i^j=^ 


ra" 

r n + 2 ^ 

1 cfk,^ --^ 

f ri, + 2 

1 k^^a,p ftk,i 


k J 


P 

bi, 

n + 2 

;-^K, 

70- 

(5.38) 

Ok 2_^ 

1^ 




i/i=l 

4 

-1-2 


i/i=l 


-(d: 


1—“2—;rr^, «3- 


K ^2 \ 2 


a; 


A. 


+ Oe( „_2 + ^ £i,j) + + IkiP + |l 5 J(u)P). 

A 2 ' * ' * 

i */i=i ’’t^s 

From this the assertion follows. 


□ 


The equation on aip = 0(|dJ(ii)|) and the fact, that Ua,p is almost a solu¬ 
tion, simplify the equations on a 2 ,i and significantly. 

Corollary 5.3 (Simplifying akp)- 
On V{uj,p^e) for e > 0 small we have 


ft) 


fti) 


<72,i —^2 


n —2 n —2 Ty P 

ra, auji ra^ Ki 

— 02 -;- 2_^ + R 2 P 


, 02 -^ 

K ^ 2 K 


i=Xi='^ 


^ rar" VK, , ^ raf-^K, ^ 1 

^3,2 -^3 A ■ k / J ^ ^ -^2,2 

* i/i=l * 


where Rk,i = Oe{^k=^ + Y)ftipj=i^i,ft + 0 {Y 2 rpsft),s + IkiP + l'^>^(w)n- 

Proof of corollary \ 5. &\ . 

Note, that 




(^Lg^Uoi^jS ^4^k,i — / (^5o^a,/3 ■, 


J' I 71 + 2 


(5.39) 
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Due to liV J{ua^p) = 0, cf. lemma [5771 and the remarks following, we have 


_ n-\-2 r _ n + 2 ^ ^ 

LggUa^p — “[ J i^9o'^a,P — 

™ r _ „+2 

+ 'y ' [ / {Lggiict^p — )ei\Lggei 

i=l 

and there holds 

/ n+2 

{Lg^Ua,p — p )uj 

/ _ n~\-2 rp p 

{LggUa,p — {'^K)uU^p )uj + 0{\{ — )u^^p — (^)«|) 

= / {Lgg{u - aVi) - {rK)u{u - aVi)^)^ 


(5.40) 


+ 0{\{^)u^,,-{l)u\ + \\v\\). 


Clearly 


and we have 


/ Lg^ipiUj = Oi^rr) 
J t 2 


K{u — a*<5i)"-2a; 


(5.41) 


(5.42) 


= J K(u — a^Si)’'-^u; + J K{u — a''5i)^-'^LO 

[u>ct'^5i] [u<.a.‘^5i] 


[u>Q:^(5i] 


n + 2 ^/X—^ In ^ Ai , 

Ku—-uj + 0 {Y^ 

r X, ^ 


. 1-2 
In " A,; 


J . \ 2 

I 

We obtain 

/ n+2 

(Lg^Ua^jS ~ 

f - n + 2 

= / {Lg^u- {rK)uU^-^)uj 


+ 0{\{^)u^,i3 - {^)u\ + X! -np— + 

i A,- ^ 


=o(i(^)«„,. - (^) J+E + ii^ii + 

i A,- ^ 


(5.43) 


(5.44) 
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and the same estimate holds for uj replaced by ei. Plugging this into (I5.40p we 
obtain for (15.391) the estimate 


=o((i(J)..,,-(^).i+E 

r 

whence using (13.5011 we conclude 


n-2 

= A, " 


(5.45) 


(5.46) 


J (^9o^«./5 )4'k,i 

=o{^) + 0(^ ^ + ||z;f + |W(u)r). 

A. ^ 

Consequently equation (i) of proposition 15.21 shows 


—i—^ _ 1 + 0(^p-+ ^ +^£2^ + ||i;||2 l^j-(u)l). (5.47) 

' Aj ^ i/i=i 1-/S 

Thus the claim follows from proposition 15.21 □ 


We turn to estimate the error term term v. To do so we first characterize 
the first two derivatives of J at Ua^p + aV* = u — v. 

Proposition 5.4 (Derivatives on H{uj,p,e)). 

For e > 0 small let u = Ua^p + aVi +v ^V{p,e) and hi,h 2 £ H = F[u(u!,p, e). 
We then have 


(i) \\dJ{Ua,p + Wpi)[H\\ 

= 0£(lkll) + ^ \ -+ X/ 

r Ar r^s 

M ^d‘^J{Ua^p+Wipi)hih2 

4 

/ ^90^1^2 - C„n(n + 2) J + Y. 

+ 0£(l|/ll||||^2||)- 


Proof of proposition \5.4l 

Let in addition h £ Hu(uj,p, e) with ||/i|| = 1. From proposition ll.il we infer 


-dJ(ua,p + a^Pi)h 


=K2,p+c.^Vi [ j ^30 (Wa,/3 + a^F^)h 

- irK)u^,f,+a-v,iiuci,p 


(5.48) 
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and 


-d‘^Jiua,i3 + aVi)^i^2 


=k 




[j 

n + 2 


(5.49) 




n — 2 _ 

+ 0,i\\h,\\\\h2\\), 

since, when considering the formula for the second variation, we have 

J Lg^uhi j Ku^h^ + 0{\5J{ 

■ J Ku^-^vhi + 0{\SJ{u 


r 

''k 


By (13.501) there holds 


=0(||u|| + |5J(«)l)l|/^.||- 




(5.50) 


(5.51) 


and 


= 4n(n — 1) + Oe(l) by (I5.47p . Consequently 


-d‘^J{ua^l3 + aVi)^i^2 

=k " , i \ Lanhih2 

Uc,,p+a Vi'- j So J- ^ 

- CnTlijl + 2)( 




(5.52) 


^)hih2)] 


, 4n(n - 1) 

+ oMhi\\\\h2\\). 

This shows the statement on the second derivative. Moreover by lemma 13.121 


(^)Mc,/3+aVi “ '’(X! "-0 + (5.53) 

r Xr ^ r^s 


We obtain 


-dJ{ua,p + a\i)h 


— j I - n + 2 

= K2,f,+a'Vi [ J ^30 (Wa,/3 + ~ J ^ (5-54) 

+ Oe{^2 n-2 + ^2 4- 0(lklP + l<^'4(u)P), 

r \r^ r^s 
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whence by estimates familiar by now 


-dJ{ua,i3 + 


(^SoWa./3 - rKu'^J)h 


+ o(E 


+ {Lg^ipi-rKa^ Vi" ^)h\ 

i 

n-2 + ^ £r,S + ||^’|P + 

\ 2 , 
r At* r^s 


Using (15.471) we get 

\dJ{ua,i3 + aVi)h 


=^«:,^+avJ / (^9oW«,/3 - rKu2j)h 


/ n + 2 

(Lgo^/^i -4n(n- 

■L 

+ ^ ■!—iir + ^ + 11^11^ + l'^'^('“)l) 


r^s 


and we deduce using lemma 13.31 

iaj(ua,/3 + aVi)h 

2-n r _ n+2 

=*^:, 3 +aVi J (^ 9 oWa ./3 " ^KulJ)h 

+ ^ "I-ilT + + ||^^||^ + |<5 >^(m)|). 

Ar \ 2 , 

r Ar r^s 


(5.55) 


(5.56) 


(5.57) 


We proceed estimating 

/ _ ti+2 T T / \ 

{LgM - rKu-p^h =^{dJ{u^,p), h) + 0(|(-)„„,, - -I), (5.58) 

to whose end we will improve (13.501) . Due to lemma 13. 121 we have 


— n + ^ 

{Lg^U- {rK)uU^-'^)Ua,/3 


= J {Lgg{Ua,p + a^Lpi) - (rK)u{Ua,p + a''ipi)'--'^)ua^p 
+ o(^ n-2 + ^£r.s) + 0(||u|p + |l5J(u)P), 

r Ar r^s 


(5.59) 
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whence in particular 


— I ('^90^0!,/3 )^ck,/9 


n + 2 
. n — 2 ' 


+ n-2 + + ll^ll^ + 

- \ 2 ~^ 

r Ar r^s 


and therefore 


- il)u =0(E ^ + E + Ikf + IWHI). 

r Ar ^ r^s 


Plugging (|5.6ip with ^ = (|)^ into f|5.58p gives recalling lemma IHTTI 


k ^ fc 

n+2 


[Lg^Ua,^ )h 

t 


{dJ{Ua.,0^^ h) + *^(E . "-2 + E^’’’® 

TT^S 


r Ar 

f _ rL +2 r 

~ / (-^9o^a,/3 ~ 


m p 

+ ^ ^ / {LgQUoi^/3 — 


n + 2 
a-2 > 


2=1 ' 


+ *^(E "-2 + 

r Ar ^ 

Applying (|5.6ip we then get 

/ n + 2 

/ n + 2 /* 

r _ n +2 r 

+ ^ ^ j {Lg^Ua^p — {rK)uU^^^ )ei I Lg^Qih 

1 


2=1 ' 


+o(i: 


+I|!’II" + |W(«)I). 

\ 2 

Ar r^s 


(5.60) 


(5.61) 


(5.62) 


(5.63) 
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whence 


I {Lg„Uc,fi-rKu2j)h 

= JiLgo{ua,p + - irK)u{ua,i3 + a^ipi)^)u} J Lg^ojk 

m ^ « 

^ ^ / {^go {'^a,0 “1“ ^i) -^)ii(^ct,/3 “1“ ^ ^i) )^2 / ^go^ih- 

i^l 

+ 0(y~! n-2 + “*" “*" l'^'^('“)l)' 

r Xr ^ r^s 


(5.64) 


Since f Lg^uih, J Lg^eih = Oe(1 ) as h € Hu{u!,p,e) and \h\ = 1, we conclude 

f - "+^ 

I {LggUa^p — fKu^ p )h 


Q(y^ r.-2 + '^^r,s + l<5d‘(u)|). 

r Xr ^ r^s 


(5.65) 


Plugging this into (15.5711 proves the statement on the first derivative. □ 

In contrast to the case w = 0 the second variation at Uq ,,/3 + a'^Pi is not 
necessarily positive definite. It is however sufficient to have non degeneracy. 

Proposition 5.5 (Decomposition of the second variation on Hu{oj,p,e)). 
There exist 7 , eo > 0 such, that for any 


u = Ua,p + aVi + v & V{uj,p, s) 


(5.66) 


with 0 < e < So we may decompose 


Hu{uj,p,e) = H = H+ 0Lgg H- with dimiJ_ < 00 
and for any G i7+, /i_ G H- there holds 
(i) d‘^J{Ua,l3+0dpi)[_H+>l 
(a) d‘^J{Ua,l3 + 0dPi)\_H.< -1 
(Hi) d'^J{ua,ii + a'-pi)h+h_ = Oe(||/i+||||h_||). 

Proof of proposition 15.51 

Let H = Hu{uj,p,e) and note, that H is a closed subspace of W, since 

H={v,Vg,Vk,^)^^‘>o (5.67) 

according to definition 13. Ill for v,Vk,i,Vj G ILgj^(M) solving 

LggV = Ku^Ua,l3, LggVj = (5.68) 
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and 


^gQ'^k,i — Kli^ 

cf. definitions 13.41 and 13.111 In view of proposition 15.41 we consider 
T : H X H — >R:{a,b) —> T{a, b) 

with 

T(/ii,/i2)=y Lg^hih2 


— Cnn{n + 2 ) 






hih2- 


4n(n — 1) 

Due to the spectral theorem for compact operators there exist 

C H and C K with — > 0 as i —> oo 

such, that forms an orthonormal basis of H 

H — (^hi I i G. M) and Lg^ — J' 

4 

and we have Kiu^-^hi = ^hiLgghi weakly, so 

J Koj^^hih = fj,i j Lgghih for all hGH. 
Likewise there exists an orthonormal basis of ID = ID^’^(M) 

ID = (w, I g € N) and {wp,Wq)Lg^ = J Lg^WpWg = 6 . 

satisfying for a sequence (fiwg) C K. with /i^,^ —> 0 as q —> oo 

4 

Wq — fJjyj^LgQWq. 

Below we will prove, that for any qj gN there holds 


^pq 


ilJ-wg - ^iht){wq,hl)Lg^ —s>0 as e 


0 . 


Moreover recall, that according to proposition 14.51 we have 

/ Lgqhh - Cnn{n + 2) > c / Lg^hh 


for some positive constant c > 0. Thus for any 

— Ti H” 2 c 

he Hi = {hi \ - -fih, < -) 

n — 2 2 


(5.69) 

(5.70) 

(5.71) 

(5.72) 

(5.73) 

(5.74) 

(5.75) 

(5.76) 

(5.77) 

(5.78) 

(5.79) 
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(5.80) 


we have T{h,h) > f Let e > 0 such, that 

Tl 2 

{wq\l- 2 e< < 1 + 2e} = {e^ I j = 1,..., m}, 

where (uj) = {ej \ j = 1,... ,m), cf. lemma [?751 and define 

TT /L I c n + 2 

H 2 = {hi\- < - -Hh, < 1 - e) 

2 n — 2 

and 

C 71 2 

Then ioi 0 ^ h G H 2 we have due (15.7711 

fhr = + wu^Ar, wu^aw = o^di/^ii), 

whence for h + h G Hi (B H 2 we obtain 

T{h + h,h + h) =T{h, h) + 2T{h, h) + T{h, h) 

+ T((nvv.^), {HwM + Oedl^f + ll^f). 

Since W 2 is fix and finite dimensional, we get 

I ^f~^hiuw.h) = oMr+\\hr) 

and 

r((nw2^), ijiw^h)) 

= J Lgo(n.w2h)(J^W2h) ~ 2 J i^W2h)^ + Oei\\h2 

>emwM^ = <\\hr-mwihr) 

Thus T is positive on Hi® H 2 . Let 

n “h 2 

H 3 = {hi\l-£< - -fj.hi < 1 + £) 

n — 2 

and 

^ _1_ 2 

W3 = (u;, I 1 - e < < 1 + e) = {ej \ j = 1,..., m). 

Then ioi 0 ^ h G H 3 we have due to (15.771) and (15.801) 

\\hf = WUw^H^ + miy/hf, iin^.^ii = 0,(11^11). 


(5.81) 

(5.82) 

(5.83) 

(5.84) 

(5.85) 

^) (5.86) 

(5.87) 

(5.88) 

(5.89) 
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(5.90) 


Since and 


= 0 

we obtain 

\\IlwM=Oem\), (5.91) 

once we know ||uj — ej|| = Oe(l) and we will show this below, cf (I5.103p . 

Thus i ?3 = {0} is trivial for £ > 0 sufficiently small. 

Finally let 

Hi = (h. I > 1 + e) = (i?i 0 (5.92) 

n — Z 


and 

Tl ~\~ 2 

W 4 = {wq I > 1 + e). (5.93) 

Wi is fixed and finite dimensional. Arguing as for H 2 one obtains, that T is 
strictly negative on H 4 . We conclude for H — Hi® H 2 , where 

Hi = Hi ® H 2 and H 2 = H 4 , dimiJ 2 < 00 , (5.94) 

that T[^^> 7 and —7 for some 7 > 0 small, whence 

9^J(Ma./3 + aVi)LAi> 7 and 5^ J(ua,/3 + aVi)LA 2 < “7 (5.95) 

for some 7 > 0 by proposition [5)11 Moreover for hi & Hi, /12 G H 2 

J Lgjiih 2 = J Ku!^^hih 2 = 0 , (5.96) 

whence 

T{hi,h 2 ) = - Cnn{n + 2 )'Y^ J (Pi~^hih 2 - (5.97) 

i 

Thus arguing as for (15.851) we get 

aV(u„.;3 + aV^)^l^2 = 0,(||hi||||h2||). (5.98) 


We are left with proving (15.7711 and (|5.103l) . First observe, that by definition 


^go'^ ~ Kui" 2 ^ LgqQj ~ ^ _ 2 


n + 2 n+2 




and 


Ua,/3 = a{u3 + + 0(||/3|p). 


(5.99) 

(5.100) 
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Consequently (15.681) implies 


||Lgj,(z;-a—= Oe(l). (5.101) 

Likewise one obtains recalling definition 13.41 and lemma 13.51 

\\Lgo{vk,i-Cka"~'" Ki(l)k,i)\\^^ =Oe{l). (5.102) 

Therefore we obtain with 0^(1) —> 0 in as e —> 0 

4 

V = aoj + Os(l),vj = aej + Os(l) and Vk,i = Cka^~^ K^cjik^i + Oe{l). (5.103) 
Let us write now 


= {wq,h'^)Lghi + aqV + aq’'^Vk,i + a^Vj. 


(5.104) 


Then on the one hand 

J Kw^Wqhl =^^^{Wq,hl)Lg^, (5.105) 

while on the other one 

J Koj^Wqhi ={wq,h'‘)Lg^ J Kuj^hihi + aq J Koj^vhi 

+ a^ J Kuj^Vjhi + Uq'^ J Kuj'^Vk,ihi (5.106) 

=^ihi{wq, hi)L,^ + Oe(\aq\ + ^ \al\ + ^ |aj’*|)i. 


k.i 


The last equality above follows easily from (15.1031) and the orthogonal properties 
of Hu{to,p,e). Combining (15.1051) and (I5.106P we get 

{fj-w, - Phi){wq,hi)L^^ =Oe{\aq\ +X! (5.107) 


k.i 


Moreover 


{wq,v)L,^ =aq{v,v)L,^ + a^ivj, v) + a^P{vi^p, vi^p) 

-aq + Oe(^ \al\ + \a‘f\), 


(5.108) 


likewise 


{Wq,Vj)L,^ =aq{v,Vj)L,^ + aP{Vp, Vj) + tt^^P {vi^p, Vj) 

c^aPqSp,q+o,{\aq\+Y\^i\+T.\^'<i^\) 


i,p 


(5.109) 
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and 


{wq,Vk,i)L,^ =aq{v,Vk,t)L,^ + a^ivj, Vk,i) + {vi^p, Vk,^) 

:^afSi,k5p,i + Oe{\aq\ + X! + X! I“9^l)fcd- 

3 l,P 

Summing up we obtain by Parseval’s identity 

ii^^f+ EiK.f+ Eii^^ii' 

k,i j 

=(i + o.(i))E + E + E 

Q q,k,i q,j 

and the left hand side is uniformly bounded. Thus (I5.107P gives 

{fJ-Wg ~ f^hi){Wq, hi) = 0 £( 1 ). 

The proof is thereby complete. 

As before smallness of the first and definiteness of the second variation pro¬ 
vide an appropriate estimate on the error term v. 

Corollary 5.6 (A-priori estimate on v). 

On V{uj,p, e) for e > 0 small we have 

ikii =o(E ^ ^ 

— Ar- \ 2 

r Ar r^s 

Proof of corollary \ 5. 6[ . 

Note, that d^J is uniformly Holder continuous on V{uj,p,e) according to propo¬ 
sition o and the remarks following. Decomposing v = v+ + V- G i7+ © i7_ 
according to proposition 15.51 we readily have 

(i) dJ{u)v+>dJ{ua,i3 + a'^Pi)v++"f\\v+\\‘^ + Oei\\v+\\\\v-\\) (5.113) 

(ll) dj{u)v- <dJ{ua,i3 + a"pi)v-- j\\v-\\‘^ + Oei\\v+\\\\v-\\). (5.114) 


(5.110) 


(5.111) 


(5.112) 

□ 


This gives ||u|p = 0{\SJ{u)\'^ + \ 6 J{ua,i 3 + a^Pi)lH\'^) and the claim follows from 
proposition [nm □ 

Next we combine lemma 15.11 and corollaries 15.3114.61 


Corollary 5.7 (The simplified shadow flow). 
For u G V{ui,p,e) with e > 0 we have 


ft) 




^ -E/ + O 1 (1)) + i?2,; 


k C2 


aiK^X, ^ 


C2 


j/i=i 
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where 



Proof of proposition |5.7| 

This follows from lemma 15.11 and corollaries 15.3115.61 


□ 


6 The flow on V((jO, p, e) 

6.1 Principal behaviour 

For u € V(uj,p,e} corollaries 14.31 and 15.31 give a hint on the principal terms of 
dJ(u). The following definition assumes these quantities to give a lower bound 
on the first variation of J. 

Definition 6.1 (Principal lower bound of the first variation). 

We call dJ principally lower bounded, 

if for every p > 1 there exist c,e>0 such, that 



+ for all u€V{p,e). 

r^s 


and 



Under this mild assumption we have uniformity in V{u!,p,e) as follows. 

Proposition 6.2 (Uniformity in V{uj,p,e)). 

Assume dJ to be principally lower bounded. 


For u = Ua,i3 + OL^Pi + u G V{uj,p,e) with = J Ku^-"^ =1 we then have 


0) 



4 

,-2 


(ii) 



r 


_4_ 


uniformly as |dJ(u)| —> 0 and J{u) = r —> Joo = roo- 
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In view of (i) above and definition 13.91 we would expect to have as well 

|l-rooa^|,||/3|| ^0 (6.1) 

as |<5 J(m)| —S> 0 and J{u) = r —>• Joo = r^o- 
But, since critical points of J are not necessarily isolated, some with 0 ^ 
11/311 < £ could be a critical point of J itself. 

Proof of proposition 1 6. 2\ . 

Of course —>■ 0 as |d J(u)| —>■ 0 by assumption and the same holds true 

for ||z;|| due to corollaries 14.61 Then due to (14.351) and (15.471) 

4 

1 ^ 

4 n(n - 1) I V u 

as well and {j)uc,ii — {^)u —>> 0 as |<3 J(m)| —0 due to (15.611) . From (I5.40p 
and (15.441) we infer \Sj(ua,p) —>■ 0 as |(3T(u)| —0 and we have dJ{ua,p) = 
aJ{ui^p), since Ua,p = aui^p and scaling invariance of J. Thereby 

(^)mc<,/3 “ n-2 ^ (6.3) 

4 

whence due to (§)„ = r^o we have - rooa~ —s> 0. □ 

As indicated above ||/3|| —>■ 0 is not necessary. On the other hand we may 
assume due to proposition 13.11 that along a flow line 

u = Ua,p + aVi + S V{uj,p,e) 

we have \\Ptk\\ —^ 0 for a time sequence tk —> oo. 

4 

We then have to show |1 — roott’^ |, ||/3|| —0 along the full flow line. 

For p = 0 this is true due to the unicity of a limiting critical point, cf. proposition 
13.131 The following proposition yields the same result for p > 1. 

Proposition 6.3 (Unicity of a limiting critical point at infinity). 

Assume dJ to be principally lower bounded. 

If a sequence u{tk) converges to a critical point at infinity of J 
in the sense, that 


3p> l,ek\0 : u{tk) eV{u},p,ek), 

then u converges as well 
in the sense, that 

3p>lV£>03T>0Vt>r : u{t) €V{ui,p,e). 
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Proof of proposition 1 6. &[ 

Since 

fc = 1, J{u) = r \ Too and dJ(u) —^ 0 
along a flow line we have on V{u},p,£) according to proposition 16.21 


J (w) — I/qqUU — L ^ ^ 0^2 “t ^(1) 

i 

=a^{c^ + \\/3f + o{\\f3\\^)) + cor^ + o(l), 


where = f Lg^couj. On the other hand 

.r _J LggUi^pUi^p 




jLggU;uj + LggP^eiP^ej + o{\\l3\\^) 

+ ^^Xa;^/3*e.^^e, + o(||/3P) 
Cuj + ||/5| 


n-2 n-2 

2 ^ I O II/QII2 


c^ + ^2m\ 


o(ii^ir) = i- 


n + 2 II/3I I 

n-2 Cu. 


whence still according to proposition l 6 . 2 l 


«-^(l - + o(||/3f)) = roo + 0 ( 1 ). 

^ " ^UJ 

In particular a is fixed in terms of ||/3|P by 

a = i -) 2 . 

Cuj Coo 

Plugging this into (16.5p we obtain, since J(u) = Too + o(l) 

71-2 71 77 _|_ 0 __2 

c—rS =(c. - ^||/ 3 f )^(c^ + ||; 3 || 2 ) 
n — 2 


CqCu,^ ^ + 0(1) 


n Jl n-2 n-2 _ 2-n 

=c3--Cuj^ (l + o(l))||^f +COCC," 


o(l). 


(6.4) 


(6.5) 


( 6 . 6 ) 


(6.7) 


( 6 . 8 ) 


(6.9) 


2-n 

Thus, if ||/3||^ increases significantly, then ^ ^aas to increase significantly 

as well. But 


Q 2 n 7 ^—VilTi . 

OtK- =^^K- ——\ai 


2 

< — c- 


' ,2(2-n) + Y 


( 6 . 10 ) 


I \ 


r^s 
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due to corollaries K7\\^ whence 

dtK^^ <0{\6J{u)n ( 6 . 11 ) 

due to definition EH If the proposition were false, there would exist 

So < Sq < Si < si < • ■ • < Sn < < ... 

such, that V{uj,p,£o) and 

u{sk) G V{uj,p,£k),£k —0, u{s'k) G dViuj,p,£o). (6.12) 


However due to proposition 16.21 we may assume 


Eij 


, 1 - 


TooCt, 


’■K.. 


4n(n — 1) 


-,\M<£k during (sfc,si,). 


(6.13) 


Thus by the very definition 13.91 of V{uj,p,£) the only possibility for u to escape 

4 

from V{u},p,eQ) during (s/cs).) is, that |1 — rood’ll or ||/3|| has to increase 
during (sfc, sj.) for at least a quantity Eq — £k- This possibility has already been 
ruled out for ||/3|| and is thus as well for |1 — | by (EH). □ 


The only lack in the discussion so far is a missing compactness result on 
the blow up points. A straight forward use of the evolution equations given by 
corollaries 14.71 and 15.71 provides at least a weak form of convergence. 

Lemma 6.4 (Critical points of K as attractors). 

Suppose dJ to be principally lower bounded. 

We then have 


K(ai)—> Ki^ and |VAr(ai)|—>■ 0 for all i=l,...,p 


for every flow line u G V{ui,p,e) converging to a critical point at infinity. 

Proof of lemma \6.4\ 

In case dJ is principally lower bounded lemmata 14.71 and [5T71 show 

\7 K 

dtY.K, = Y.^^^^ = 0{\5J{u)\^) (6.14) 

I I 

As a consequence 


Ki = K{ai) —>■ Ki^ for all i = 1,... ,p. 
Then still according to lemmata 14.71 and 15.71 we observe 


(6.15) 


dt\VKf^ = 2- 


K 


= 0{\5J{u)Y 
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whence |VXi| —>■ Ci^. Letting 

P = = {i G P \ ^0} and q ='HQ} (6.16) 

we may assume without loss of generality, that 

(6.17) 


Q = {1,... ,q} and min d{ai, a,) > eg > 0 

We then reorder, if necessary, the elements of q by 

1,1 1,1 


(6.18) 


In case u € V{p^ e) we consider ■i/i = X"- Then corollary 14.71 gives 


If C"* f In Ai VTCi . Ai.^ 

^ A-] 


2=1 

q 


K, ^ A, 


iVX.plnA 


Hi AKi 


2=1 


KH'" K} a? 2 +T'3- A2 


-74 ^AiaA,£^j](l + 0^(1)) 


(6.19) 




Oil 


+ OeCy^. n-2 + ^ij) + 0(l<5T(u)|)^, 

z=l i i=l i/i=l 

where we made use of the principal lower boundedness of dJ. We obtain 


C* a 


> - c{l + P oC^Ei^j) + 0{\5J{u)\^) 


iSQ 


iftj 

ieQ 


( 6 . 20 ) 


by definition of q. Note, that for i G Q and j G P\Q we may assume 

Aj 
n 


n — 2 x] Ai ^i^jlnGgo (OiiOj) n—2 


^ (y + y + ^i^i7raGgo " (aijOj)) 2 


> 


4 


( 6 . 21 ) 


since in that case d{ai,aj) > £o > 0, and we obtain 


V'' > - c(l + (1)) ^^Xfdx.Sij + o(y]] Sij) + 0{\SJ{u)\H- 

i€Q iGQ 


( 6 . 22 ) 


Moreover for sufficiently small e > 0 and G > 1 large we have 

E g* ^—A 


CieQ 


i>j 

i,3€Q 


(6.23) 
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(6.24) 


To prove (16.231) note, that by definition we have 


. In ^ 


K, 


for any i > j with i, j € Q oi equivalently 


C* -C\ I -C\ 1 

■ In — +---In — < 0. 


K, 


K, 


(6.25) 


We then have 


. — \ 4“ ^ ^ {O'i^ ^j ))* 

Ai 


A. 


(6.26) 


Otherwise we may assume for some c > 0 

““ ^c("^~t“ AjAjynG(uj , Uj)) . 
Ai Aj 


(6.27) 


This implies ^ ^ 1 » ^ and d{ai,aj) = 0{-^). Consequently 




K, 


A* 


A* 


(6.28) 


yielding a contradiction. Thus (16.2611 for i > j is established. Write 


. , . 

i^j i>j i<j 

i,j€Q i,3^Q iJ€Q 




i<j 

iJ€Q 




= - ^ + Xjdx.e,,^ 


i>j 

i.j^Q 


i<j 


i<3 

i.jEQ 


^3 

OLt 


(Xi 


(6.29) 


We have 


-XidxiSij - XjdxjSij = {n- 2)e"j ^ XiXj-fnG^-^ (a^, aj) > 0 (6.30) 

and for i > j due to (I6.26|) 


n 2 ^2 / Xi Xj 


Xidx^^iJ — ^ 3 { \ \ T XiXj^jiG^ ^ (Ui,Uj)) ^ 


n — 2 


2 'A, A. ' - 4 


(6.31) 


This shows (16.231) . 

Thus plugging (16.2311 into (16.2211 shows ip' > 0{\SJ{u)\'^) for C > 1 sufficiently 
large, whereas ip —> —oo by definition as a continuous, piecewise differentiable 
function in time; a contradiction. 

The case u G V{u},p,e) is proven analogously. □ 
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The following lemma assures dJ to be principally lower bounded in the case 
the dimensional conditions Cond„, on which theorem [T] relies, hold true. 


Proposition 6.5 (Principal lower bound of the first variation under Condn)- 
dJ is principally lower bounded, if Condn as in definition \l.‘d\ is satisfied. 

Proof of proposition 1 6 . 51 

In case w = 0 corollaries 14.3114.61 and (14.351) show, that 


(i) 


(ii) 




- VX, 
cr3,^ -l^ai-FTV. 


+ 72^* 




+ liCti 


VAK, 


p 


75^2 X + .R2.i 

*/i=i 

(6.32) 

P 

+ 76 X/ +-^3,1) 

. T Ai 

(6.33) 


where 


I 9 

Rk,i =Oe( ,„_2 + 


|2 


\ IVATj-l 1 \ 2 I £■ T/ m2\ 

+ ;^2 + - f:r~ + ,2(n-2) + XI + \SJ{u)\ )■ 


(6.34) 




r^s 


Letting 0 < k < < k < oo for iVATil ^ 0 and Ki = 0 for [VATil = 0 we get 


m , AK, , \VK,\ , (VAiL„ViL.)^ 

> 2^ OiC [7i + 72 + 73K* + 74Kz- 




KA^ 


K,\VK,\Xf 




(6.35) 


75 ^ ^ C OjX^dx^S^ j ~t~ ( ^r,s} ~b 




r^s 




0(^f^ + |W(n)n. 

A.,. 


Note, that we do not try to construct a continuous pseudo gradient, so there is 
no need to choose Ki continuously. As before we order 


1 1 

— > ... > — 

Ai Xp 


(6.36) 


We then have for sufficiently small e > 0 and C > 1 large 

i^j i>j 


(6.37) 
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and 


i^j * i>j 

To prove (16.371) and (I6.38P note, that 

- E — = - E + E C^^Xjdx.e,,, 

- , . 

i^j i>j i<3 

a 


(6.38) 


i<j 




i<j 


(6.39) 


= - Et^*— - - E — 


i>3 

One has 


ai a 


i<3 


Oi-i 


->^id\,Sij - Xjdx-Eij = (n - 2)e"^. ^ XiXj-fnG^-^ (a*, Uj) > 0 (6.40) 

and for i > j 


^ ^ '^7 


n — 2 


~Xid\.eij = ^ (— — — + XiXj'jnG^-^ (ttijUj)) > Ei^j. (6.41) 

Thus (16.371) is proven. We are left with estimating 

O'* I ^ j I (l^) ^ ^ 7nVaiG^“'* (Oi, Oj) 


*7^1 


i<j 

o(E^7j)’ 


^ + -^ + XiXj^fnG^-”- (oi, Oj) 


(6.42) 


whence we immediately obtain (I6.38p . 

Plugging (I6.38P and (j6.38l) into (16.351) we obtain for G > 1 sufficiently large 

^C\a2,i + 1^^)) 

^ ^ (VAX„VX,) ^ 

+ 75 E + 0(-^—^^4^ + |(5J(u)p). 


i>i 


In case ATfi > 0 or |V7fi| > e for e > 0 small we immediately obtain 

\VK, 

K,,X,. 


H, , AK, , |VX,| , {VAK,,VK,) 


^ ^ i7, , I ATI, I , \VK,l 


(6.44) 
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(6.45) 


for some c > 0 and all Ai > 0 sufficiently large choosing Ki such, that 


H, , {VAK,,yK,) ^ H, 

K,\VK,\Xl 

Moreover (I6.44|) holds true as well for n = 3 and by Condi for n = 4. For 

n = 5, AKi < 0 and \VKi\ < e (6.46) 

we may according to Cond^ assume, that {VAKi,\7Ki) > ^\AKi\'^. Thus 

(6.47) 


AK, ^ 3\VK,\ 3{VAKi,VK,) 


KAf 2 K,X, 2 K,\yK,\X^ ' 

Choosing therefore Ki such, that I 72 < 73 ^ 1 , §72 < 74 ^ 1 , then (16.441) holds true 
as well and thus in any case. We conclude 


Y^C\<J2,i + K^ias^i, 1 ^^)) 

^ + oi\sAu)n 


(6.48) 


K,Xf K,X, 


i>j 


Since <7k,i = 0(|(5J(u)|) by definition, the claim follows. 

In case w > 0 we have due to corollaries 15.3115.61 and (15.471) 


(i) 

(ii) 


where 


^2,i — 71 ®- ~ 73 OLjXid\^£ij + i?2,i 

KiX^ ^ 


VK, ^ 1 

CT 3 .i = l2ai—— + 74 > , aj—Vai£i,j + it 3 .i 

• / -I 


Rk,i — n-2 + £r,s) + 0{\5J{l 

r Xr ^ 


and the same arguments apply in a simpler way. 


(6.49) 

(6.50) 

(6.51) 

□ 


6.2 Leaving V(cp, p, s) 

In this subsection we consider a flow line 

u = Ua,i3 + a‘Lpi + u S V{uj,p,e) 

and we wish to define piecewise differentiable continuous function in time 
'tjj . (u^, A^)^—^ t^((a2, Aj)*—i^...^p) 
with the fundamental properties 
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(i) '0 —^ ~oo as Xi —> oo for some i = 1,... ,p 

(ii) 0 'G is integrable in time. 


The existence of such a function implies, that a flow line cannot at once remain 
in V{uj,p,e) for all times and concentrate in the sense, that Xi —> oo. 

The subsequent propositions are devoted to prove their existence under the 
dimensional conditions Condm cf. definition Ol 

Proposition 6.6 (Case n = 3, w = 0). 

Let n = 3 and Cond^ hold true. Ordering 

1 1 

— > • ■ • > — 

Ai Xp 

the piecewise differentiable continuous function if = C® In ^ satisfies 
0' > ^ ^ ^ Eij + 0(|(5 J(m)P), 

i 


provided C > 1 is sufficiently large 

In view of corollary 14.71 the positive sign of the mass related terms is 
rather obvious and the ordering ^ > ... > ^ and choice of C 1 ensure, 
that the interaction related terms are of positive sign as well. 

Proof of proposition \6. gl 

As M is not conformally equivalent to the standard sphere S^, the positive mass 
theorem holds. Thus Hi > 0 in the statement of corollary 14.71 


~Y ^ —A*5A,£ij](l+ 0^(1)) 

Xi k Xi ai >-i 




(6.52) 


r^s 


for suitable 70,71 > 0. Then for if = ^ - C® In p, C > 1 there holds 


=l[^o E E C*^A,0 a.£,,,](1 + (1)) 




+ Oe(E! 

r^s 


(6.53) 


We complete the definition of if by ordering 


In —>...> In — 

Ai Xp 


(6.54) 
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and claim, that there exists c > 0 such, that for any C > 1 sufficiently large 


-7i X! — CVjj. 






i>j 


Readily the statement of the proposition follows from this fact. 
To prove (16.551) note, that 


i>j 

One has 


i<j 


(6.55) 


. / . ^ 
i^j i>j i<j 

- Y. - Y C^ — ^3dx,e,,3 

. ^ . OLi . Q-i 

i<j Kj 

= _ - Y — + ^jdx,ei,j]. 


(6.56) 


XiOx^Sij Xjdxj£i,j — (^ 7 XiXj^riG^ ^(^ClijQj^ 7 0 


(6.57) 


n — 2 


and for ^ < 1, so for i > j, and £ > 0 sufficiently small 

\ n ^ ^ n.^2 I \ \ yO—^— ( \\ \ 

—Xidxi£i,j =—^— e^ j (— ~ y + XiXjjnG^-^ {ai,aj)) > 

Thus (16.551) follows. 

Proposition 6.7 (Case n = 4, w = 0). 

Let n = 4 and Condi hold true. Ordering 

1,1 1,1 

- --ip T 

the piecewise differentiable continuous function if = In. ir satisfies 

iVRTyplnAi nf\x T^ m2\ 

V' -Yu~^ - ^2^2 -f + 0(|(5J(u)| ), 


(6.58) 

□ 


i>j 


provided C > 1 is sufficiently large. 

The interaction terms are of correct sign again. Differentiating in time 
leads to the quantity , which enforces a blow up point at to come 

close to [X/K = 0]. Condi then ensures the terms to be controlled by the 
positive mass related terms ■^. 

Proof of proposition \6. 7| 

As M is not conformally equivalent to the standard sphere S^, the positive mass 
theorem holds. Thus Tfy > 0 in the statement of corollary 14.71 
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(i) 


(ii) 


Ai r. Hi ^Ki aj , nw 

■j-=j:l 70 ^+ 7155^^-73 i: -A.a..£.jl(i + c,^(i)) 

+ Oe(X/ ^2 + “*" l'^'^(“)l^) 


(6.59) 


A2 

r^s 

T |Vif,|2 


H + ^Er-.s + \SJ{u)f) 


(6.60) 


A? 


r^s 


for suitable 70 ,7i, 72 , 73 > 0. Then for ■)/) = ^ In C > 1 there holds 

V"' >’-^ ^ ^ In A^)(l + 0^(1)) 


if/ 


+ Oe(E! ^r.s) + /^(l'^'i('^)P)- 

r^s 


(6.61) 


We complete the definition of tjj by ordering 

1,1 1,1 

17'"7- --77 ^ 

and claim, that there exists c > 0 such, that for any C > 1 sufficiently large 


liij i>j 

To prove (16.621) note, that by definition for any pair i > j we have 


(6.62) 


In^ 


IT 

An — / ^7 y^'i\ 'At 


(C* - < {C^ -C^)- 

Ki 


K, 


(6.63) 


or equivalently 


C* - 1 Cl - C* 1 

■ In ^—I-TT-In — <0 


if,. 


A, 


Aj 


(6.64) 


We then have 


— \ ^ ^ (^,, ^j )), 


(6.65) 
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from which the claim follows as when proving (|6.55p . Otherwise we have 


. ^ c( . -|- XiXj^nG ^ ^j )) 

A j Aj 


( 6 . 66 ) 


for some c > 0. This implies ^ » 1 » ^ and d{{ai,aj)) = Thus 


■In^ <0(^—), 


K, 


X^ 


A, 


(6.67) 


yielding a contradiction. 
We conclude 


i’’ + 71 ^^ + 72 -^^^lnA*)(l + 0^(1)) 


Kf 


+ 73 5IC'V,.,+0(|(5J(u)|2). 

i>j 

Thereby the assertion follows immediately due to Condi. 

Proposition 6.8 (Case n = 5, w = 0). 

Let n = 5 and Cond^ hold true. For e > 0 small let rj^ G C(j“(M, [0,1]) with 


( 6 . 68 ) 


□ 


and 


%(r) = 0 for r < e, ri^{r) = 1 for r >2 and 0 < 77 ^ < - 


di = r]e{-XiAKi) In > q. 


Ordering for some k > 0 


In ^ In ^ 


P 


the piecewise differentiable continuous function 


K, X, 

I '■ 

satisfies for (7^1 and a suitable choice of n 




provided d{ai, [V77 = 0 ]) <C 1 is sufficiently small for all i = 1,... ,p. 
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Note, that closeness of the blow up points to the critical set [VK = 0] is not 
a serious restriction, cf. lemma l 6 ^ and proposition [ 6 ^ 

The interaction terms however are of correct sign again and one is left with 
comparing to Cond^ then ensures by differentiating in time, that 

XiAKi can be absorbed. 


Proof of proposition 1 6. M 

As M is not conformally equivalent to the standard sphere , the positive mass 
theorem holds. Thus Hi > Q in the statement of corollary 14.71 

(i) _r ^ ^ ^ ^ 

A? 


--=r[7i—+72yFT2 -74 ^ — AaA.£*,j](l + o^(l)) 


A* 


(ii) 


-K^Xj 

■ ^ ^ £r,s) + 0(|(5J(u)P) 

r^s 

r 


A3 

r 

Ki =73 


-( 1 + 0 . ( 1 )) 


k KAf 

1 


0(^2 3(3 + 


|VX,| 


r^s 


(hi) 




P 

76 £ 


+i=i 
1 






A: 


+ 3 ^++ oi^\sjiu)n 

r-T^s 


'A' 


with suitable constants 71 ,..., 73 > 0. Here we have used 

1 


^ \VKr\ ^ \AK, 


KrXr KrXl 


-Y.^r,s<C\5J{u)\ 


r^s 


(6.69) 


(6.70) 


2 ^](l + o^(l)) (6.71) 


according to lemma [6+1 In view of (16.691) we wish to compare AKi to in a 
neighbourhood of a critical point with non positive laplacian and this is done 
as follows. For 77 ^ as in statement of the proposition consider 


Oi = r]e{-XiAKi) In > 0 . 


(6.72) 


Letting Si = —XiAKi we calculate 


9 ' =4(s,)s'ln^ + ,7,(s.)(ln^)' 

= [e77((+)- In ^ + 77 ,( 5 .)] (In -y = ^e,^■ (In -)' 
” € € ” € ” € 


(6.73) 


where readily 
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(i) 4,i = 0 for f < 1 

(ii) 0 < 'd^^i <4 In 2 + 1 for l<-^<2 


(iii) 'de,i = 1 for -^ > 2. 
From (j6.69l) and (16.7111 we infer 


0 , , , , 73(VAKi,VA'.), AA'. 

0. + (-72 +-->5^ 


+ 74 —Kdx^Sij 

^ ai 


+ 75 


K.AKAt 


+ 76 £ 


*74i=i 


AK,X: 


rVaieij](l + 0 1 (1)) 




A3 


r^s 


Note, that we have —XiAKi > e for de,i ^ 0, whence 


(6.74) 


-dfA. 7 < 0 and ^ = C>(^Va+ 7 j). (6.75) 


-'"K,AKA\ 

This gives 


i/i=i 


'A. 


/ ^ a r . , l 3 {yAK,,yK,)^AK, 

<^^.[-71^ + (-72 +--) 


K^Xi 


i/i=l 

1 


+ 74 ^ ( AiC^AiEij' + 0( ^ Vaieij)](l + o^ (1)) (6.76) 


i/i=l 


A. 




r^s 


Consider for some k > 0 to be defined later on 

^In 

K, A. 


^ ^ ^ kc ^9, = E ^ r " E 


(6.77) 


By (16.691) and (I6.70p we have 

^ r , H. AK, iVK.plnA, 
^ K, ^ A(kJ^'a3 KfX^ 


“74 ^ ^A*aA+i7](l + o^(l)) (6.78) 


*741=1 
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whence in conjunction with (16.761) there holds 


^ +13 r^2 lnA,)(l + o^(l)) 


A, 


K, 


74^ E C'*—[if + + o 1 (1)) 

h ^ ^ Q K,- -’ XT 




- '«TE^*'^£d(“72 + 




(6.79) 


C' 


+ *^(E T“l^ai^idl) + '^e(E ”*" *^(l'^'^(^)n- 


... A.. 

I^J r^s 

We complete the definition of tp by ordering 


PT 

-— k6i > ... > — n9p 

p 


In A 


-■" - Kr, ^ 


(6.80) 


and claim, that there exists c > 0 such, that for any C > 1 sufficiently large 


1 


and 


+ Kil i]X^dxieij > e'^C^Eij 

i^j i>] 




(6.81) 


... A. 

i>2 

To prove (16.811) . (16.821) note, that by definition for any i > j we have 

(C* - - k9.) < (C* - C^){^ - K0,) 


(6.82) 


K, 


K, 


(6.83) 


or equivalently 


-C^ , 1 -C\ 1 

-In-1-In — 

K, A, Kj A, 

+ k{c^ - c^)ei + k{c^ -&)ej < 0 . 

We then have 

— ^[~F ^i^jlnG^~^ (^i: ^j))' 

A 2 Aj 

Otherwise we may assume for some c > 0 

-— ^c(-— -(- XiXjlnG {ci^j CLj')')- 


(6.84) 


(6.85) 


( 6 . 86 ) 
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This implies ^ » 1 » ^ and d{ai,aj) = 0{-^). Consequently 


C* - , A, 


,ln Xi. 


■ In ^ + k(C^ - C^)0, + k(C^ - C^)9j <0(^), 

IXj Ai Ai 

whence due to the definition of 9i, see (|6.72p . there necessarily holds 
-A, AX, 


(6.87) 


In- 


>1, so - AiAX, > 1 


( 6 . 88 ) 


and we get 




Kj X^ 

+ k{C^ - C'^)r;,(-Aj AXj) In < O(i^). 

e Xi 


(6.89) 


On the other hand d(ai, aj) = 0{-^) and therefore 


A,; 


1 < -A,AX, = -A,AXj + 0(1) = -^Xj/XKj + 0(1). (6.90) 


This shows at once 1 <C —XiAKi <C —A, AX, and we conclude 




X, A, 


A, 


(6.91) 


yielding a contradiction. Thus (16.8511 is established, whence (16.8111 follows 
as when proving (I6.55p . We are left with estimating 


0\_ , n-2^„, , (^) = (AiAj)2 7„VaiG2-" (a,,aj) 


ETiv, 


Xi,.7 =- 


Ec’a. 


*7^1 


i<j 

i¥=j 


■^ + yj + XiXj^nG^-^ {tti, Gj) 


whence we immediately obtain (I6.82p . 

We conclude for O > 1 sufficiently large 

,, H, AKi , |VX,P ^ 

^ ^i:II;^(T'i^+T'2^^+73^^1nA,)(l + o^(l)) 


K, 


Kf 


(6.92) 


+ %Y.C^e,,,+0{\SJ{u)\^). 

i>j 
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This gives 


72 , . , 73(VAXi,VK,),^ AX, 




|AX,P 

( y^ ^ + 0{\6J{u)\'^). 


( 1+0 1 ( 1 )) 


(6.94) 


i>j 


We now decompose P = {1,... ,p} = Pi + P 2 + P 3 with 


(i) Pi = {zG{l,...,p}|-AXi<^} 

(ii) P 2 = {iG{l,...,p}| ^<-AX, < 2 ^} 

(hi) P 3 = {iG{l,...,ri|-AX, > 2 ^}. 

Note, that for i G P 2 U P 3 we have AKi < 0, whence according to Cond^ 

(VAX„VXi) > i|AX,|2, (6.95) 

in particular VX^ ^ 0 for i G P 2 U P 3 . 

For i & Pi there holds = 0, thus 


1 I 2 ^ I , 73 (VAX,,VX,) AX, ^ 72 e 

'/f- - —))7f7f - ■ P Af- 


For i G P 2 

,12 ^ , , 73 (VAX,,VX,) AX, ^12 §. 

(;^ - -)) jpp a -2577. 

since indeed Cond^ imposed on X can be rewritten as 
73 (VAX„VX,) 


-72 + 


I AX, 


as — = 3 by precise calculation, see below. 


Choosing therefore 
we get 


e<cminX(a) with c = c(X) 

aeM 


G>l:i:c‘+-7c.lf+(i + o*(i)) 


AX, 


iePa 




i>j 


(6.96) 


(6.97) 


> Co > 0 for a, G U{Af) n [AX, < 0], (6.98) 


(6.99) 


( 6 . 100 ) 


since 'de,i = 1 on z G P 3 . Letting k = we get as AK, < 0 for z G P 3 


>c(y]] ^ + -L^ilnAi + '^£i,j) + 0{\6J{u)f). 

i A i\ 


( 6 . 101 ) 
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We are left with checking ^ = 3. 72 and 73 arise from differentiating 


Xi r AK^ - X • 

^ = 727 :ifT 2 +■•■ and A,a, = 73 -- 


A. 


-kKA^ 


k l^iXi 


( 6 . 102 ) 


where 72 = 73 = cf. corollary 14.71 According to (17.181) and (17.201) 


(n — 2 )^ f |r^ — Ip (n — 2 )^ f 

L (l + r2)"+2’ (l + r 2 )"+ 2 ’ 

whereas according to (14.301) and (14.311) 

(n — 2 ) r r^{r^ — l) n — 2f 

^ (l + r 2 )"+i (l + r 2 )-+i 


One obtains 

73 _ C2e3 

72 C3e2 

The proof is thereby complete. 


(6.103) 


(6.104) 

(6.105) 
□ 


The strategy in case a; > 0 is independent of the dimension the same as 
when proving proposition 16.61 Note, that in comparison to propositions l6.61 16.71 
and 16.81 the contribution of the positive mass related term is replaced by 
the positive terms Ola . 

A~ 

Proposition 6.9 (Case uj > 0). 

Let n = 3,4, 5. Ordering 

1 1 

— > ... > — 

Ai Ap 

the function ijj = C'* In satisfies 

i Aj ^ i>j 

provided C > 1 is suffieiently large. 

Proof of proposition 1 6 . 91 

This follows analogously to the proof of proposition 16.61 □ 


6.3 Proving the theorems 

6.3.1 Proof of theorem [ 1 ] 

Let us consider a flow line, which is a solution of the evolution equation 

dtu = 'fK)u, uq = m(', 0 ) > 0 with j Kuq~^ = 1 . (6.106) 
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The flow line exists for all times according to corollary 12.91 and we know 

J(u) = r \ Joo = Too and |<5 J(m)|— 0 as t —>- 00 . (6.107) 

due to proposition [ 531 ] 

Thus a flow line is of Palais-Smale type and due to the concentration- 
compactness principle, cf. proposition 13. 11 the flow line is precompact in some 
V{u},p,e), cf. definition 13.91 and the remarks following. 

Taking the unicity result on a limiting critical point into account, cf. propo¬ 
sition 13.131 we obtain convergence of the flow line to a critical point of J, once 
the flow line is precompact in V{uj, 0, e). In other words the flow line converges 
strongly, if and only if it converges along a sequence in time, and in this case 
we are done. 

Thus we wish to lead to a contradiction the scenario, that for some p > 1 
the flow line is precompact in some V{uj,p, e). 

By assumption of theorem[T]the dimensional condition Condn hold true, so 
dJ is principally lower bounded, cf. proposition 16.51 Taking the unicity result 
on a limiting critical point at infinity into account, cf. proposition 16.31 we may 
assume, that the flow line remains for all times in V(uj,p^e) and goes deeper 
and deeper in the sense, that 

V0<e<e3T>0Vt>r : u{t) G V{uj,p,e). (6.108) 

In particular the unique representation u = Ua ,/3 + crVai.Ai + v given by propo¬ 
sition 13.101 is well defined for all times and we have Xi —> 00 as t —> 00 . 
Moreover the blow up points converge to [V7f = 0], cf. lemma [DU Recalling 
the explanatory introduction of the previous subsection the functions given by 
propositions 16.6I6.7I6.'51 and 16.91 then yield the desired contradiction. 


6.3.2 Proving theorem [2] 

First of all note, that on V{p,e) we have according to definition 13.91 


with + Oe(l). Therefore 

Jiu) = Co(^ !-2 )" +Oe(l). 

From this it is clear, that the least critical energy level at infinity is 

j . - _ £2 _ 

(maxi^)“^ 

Thus, if we start a flow line u with u(0, ■) = ug, where 

Mo = ao‘Pao,Ao S ^(l^e)) d(ao, [K = maxiF]) < e 


Oe(l) (6.109) 


( 6 . 110 ) 


( 6 . 111 ) 
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and £ > 0 is sufficiently small, we may assume, that u remains in V{l,e) for all 
times and d(a, [K = maxiiT]) = 0 e(1). 

Indeed according to definition id. 11 l and the remarks following u is precompact 
with respect to V{uj^p,s). Since we want to prove the existence of a non 
trivial solution a; > 0, we may argue by contradiction and assume, that no 
non trivial solution exists, that is w = 0. So w is precompact with respect to 
V (p, e). Moreover, if for some time sequence tk —> oo we had Ut^ € V (p, Sk) 
with Efe \ 0 and p > 2, then (16.1101) would imply 

J(utJ = Co(^ +0£,,{1) > Co-- ^ ^ +Oe;c(l). (6.112) 

z = {maxK) n 

whence without loss of generality J{ut^) > J(mo); contradicting dtJ{u) < 0. 
Therefore u is precompact with respect to 1^(1, £). Likewise we obtain 
d(a, [K = maxiiT]) = Oe(l), since otherwise J{uti^) > J(uo). 

Repeating now the arguments for proposition 16.51 it is obvious, that dJ is prin¬ 
cipally lower bounded along the flow line m, since due to Cond'„ the dimen¬ 
sional conditions Condn, cf. definition fOl are satisfied at the critical level 
[K = max if], to which a is close. Therefore the results on the principal be¬ 
haviour proven in subsection 16.11 hold true for the flow line u, in particular 
d{a, [VK = 0]) —^ 0. On the other hand we have 

maxRT - RrL[Vif=o]\[if=maxic]> 5 (6.113) 

for some <5 > 0 and d{a, [K = maxRT]) = Oe(l). Thus we may assume 

a —> [K = maxiL]. (6.114) 

Finally note, that the statement of propositions 16.616.71 and 16.81 remain valid 
for the functions constructed there, since as before Cond'^ implies, that Condn 
is satisfied at the critical level [K = maxR'], to which a is close. Thus we 
arrive at the same contradiction as before, whence u has to be precompact in 
some t7(w,p, e) with w > 0 being a non trivial solution. The proof is thereby 
complete. 

6.4 A diverging scenario 

We give a non trivial example of a non compact flow line. 

Lemma 6.10 (Non-compact flow line with flatness). 

Let n = 5 and uq = aoPoo.Ao with oq close to 0 € M, where 

K{x) = l- \xi\'^ 

in local normal conformal coordinates. 

Then for e > 0 small there exists 0 < Eq < e such, that the flow line u with 
initial data uq remains in V{\,e) for all times, provided 
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(i) aofaoM G and kuo = f Ku^~^ = 1 

(a) ||ao|| < £0 and Ao||ao||^ > Eq ^ 

(Hi) (ai)o = (aj)o > 0 for all i, j = 1,..., 5. 

Moreover u converges to a critical point at infinity in the sense, that 
A —> oo and ||a|| —0 as t —> oo. 

Note, that K does not satisfy condition Cond^, cf. definition frm since 

(VAX,VX) = on B,(0), 

but K satisfies the flatness condition of Theorem 0.1 in [53], cf. [53], [T5] . 
Proof. In order to prove, that u remains in 1A(1,£) for all times let us define 
T = sup{t >0| V0<t<r : u € V{l,e), ||a|| < e, A||a||^ > e~^ 

(6.115) 


~ < y 2 bi = 1, ■ ■ ■,n}. 

We then have to show T = oo. 

Note, that we may assume J{uo) < C independent of 0 < £o 1, whence 


/ \5J{u)\^<c{K) 

Jo 

independent of the smallness of 0 < £ 1. 

According to corollary 14.71 the relevant evolution equations are 

A r H{a) AK{a) 

"A” + 


and 


r VA'(a) 


VAK{a),,^ 

Kia)X^ )(l + Oi(l)) 


+ o{^) + Oi^^^^^ + \SJiu)n 


(6.116) 


(6.117) 


(6.118) 


where ^ = 4n(n — 1) + o(l) = 80(1 + 0^(1)) according to (14.351) . Moreover 
VA:(a) =-4||af a, AA:(a) =-12||af and VAA:(a) =-24a. (6.119) 

We obtain during (0,T) the simplified evolution equations 

- Y = 8072^^(1 + 0,(1)) + 0{\dJ{u)\^) (6.120) 

A A^ 
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and 


Ad = 8073^^^(1 + 0,(1)) + 0{\dJiu)n 


First note, that during (0, T) 


a^llaf =-(a,Ad) 


=c--(1 + 0 ,( 1 )) + 0{ --) 


<o( 


A2 

l|o|||^J(^)P . 

A 


( 6 . 121 ) 


( 6 . 122 ) 


whence 


atlnllaf <0( 


ISJjur 

A||a|| 


But A||a|| = A^A||a|p )2 > ce ^ during (0,T) by definition. Therefore ||a|| 
remains uniformly small, e.g.||a|| < Ceq- Let us calculate 


{XAK{a)y =j\AK{a) + {VAK{a),Xa) 

= - 8072^^^^(1 + o ,( 1 )) 

A 

+ 0((|AAi^(a)| + |VAif(a)|)|(5J(u)n. 

Since |AAif(a)| = 12A||a|p > ce~^ during (0,T), we obtain 

80 ' ■“ ^ 

1—1 i—1 

+ 0{\XAK{a)\\5J{u)\'^) 

<(-12^ • 5^ 72 a^i„ + 4 • 5 • 24 73 a^,,^) ^ ^ 

+ 0(|AAif(a)||dJ(w)|2), 

where we used Oi > 0 during (0, T) and let 

Omin = minja* | i = 1 ,.. ., n} and Omax = maxjaj | i = 1 ,... , n}. 
Due to ^ = 3, cf. (I6.105P . and < lomin during (0,T) we get 


=(-12>7.(I: + 4.2473^ l“.l'‘)L^Ai 


(6.123) 


(6.124) 


(6.125) 


(XAK(a))' <0(IXAK(a)IISJ(u)l^). 


(6.126) 
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Therefore 


dt\n{-XAK{a)) > 0{\SJ{u)f) 
and we conclude using (I6.116p . that 

12A||af = -XAK{a) > -XoAK{ao)e-^ J'o°° = 12Ao||aof 

remains during (0,T) uniformly large, say A||a||^ > cEq^. Moreover 

"X + Oe(l)) + OilSJiur) 


= — c- 


A2 

-1 


0(|W(n)n 


<-c—+ 0(|W(n)n, 


whence 


dtX^ + X^Oi\SJ{u)\^) > Ce-^. 

Letting d = X^ this becomes 

d + §0{\SJ{u)\^) > Ce-\ 

Thus for T{t) = 'd{t)e-^o 0(l<5-^(ti)| ) holds 

f(t) ={^ + ^0{\SJ{u)\^)){t)e-^oO{\sJiu)\^) > c'e-ie-^o 
and therefore 

f(t) > ce~^, 

whence 

^( 0 ) = t( 0 ) < r(f) = < C-dit), 


(6.127) 


(6.128) 


(6.129) 


(6.130) 


(6.131) 


(6.132) 


(6.133) 


(6.134) 


SO d and thereby A remain uniformly large, say A > cEq . Finally note, that 
Act-j GjA G 

(Xj \(Xj Ojj Agj 

= -c(^-5ihfe)(l+„,(!))+0(h(W£) (6.135) 


X^aj aj A^Oj ' ' \(i. 

= - c-- k.f )(1 + 0 .( 1 )) + 


aj A2 
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whence without loss of generality we may assume 

/^maxx^ . ■ ^max . 

(-) < C —-- m case -> 

^min ^^min ^min 

But during (0,T) we have 


5 


and A||a|| = A^A||a|p )2 > £ ^, whence 


dtln(^^)<CelSJ(u)r incase 

^min ^min 


> \ -■ 

~ V 4 


Consequently we may assume 


Oi 


a-i 


— < \/- during (0,T). 


So far we have seen, that during (0,T) we may assume 


lall < C'£o, Allall^ > cSr. A > cSr. ^ and 


.-1 


di 


io,A||a|| ^ c&Q , A ^ C6 q ana — < 


(6.136) 


(6.137) 


(6.138) 


(6.139) 


In order to show T = oo it remains to prove 


u&V{l,-) during (0,T). 


(6.140) 

By definition 13.91 and the remarks thereafter this is equivalent to showing 

(6.141) 


ra’^-^K{a) . e 


To that end let us expand using k = 1 

J{u) =r = j LggUU = J Lgg{a(pa,\ + v){aipa,x + v) 

=a'^ J Lgoipa,\(Pa,\ + 2a J Lggipa,\V + J LggVV. 

Due to lemmata 13.31 and E3] we have with n = 5 

J Lggipa,\<fa,\ = 4n{n - l)co + oi (1). 
Moreover from lemma [3?^ we get 


(6.142) 


(6.143) 


f Lg„ipa,XV _ f 


4n{n — 1) 


= J <A'^ + o^(l) = y Kipl^^v + o^{l) 

=a~~ J K{u-v)^^(fia,XV + Ol.{l) 

= - [Ku^ipa,xv'^+o{\\v\f)+oi{l) 

n-2 J ^ 

A r A 

,-1 


(6.144) 


n — 2 


a-^ / K^:tv^ + o{\\vr) + o.{l). 
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We conclude 


J{u) =4n(n - l)coa^ + J Lg^vv - ^ J 


+ o^(l) + o(||u|| 
On the other hand we have 


/ 2n I jT / \ 2ti 

Ku’^-^ = / K[a(pa,\ + v)^-^ 


=a"-2 


' ^ 2n Ii±2 f ^ 

n n + 2 f ^ ,,, 

+ J ^^a:xV +0(||U|| ). 

Considering the second summand above we obtain using (16.1441) 




1 =a"-2 Co + 


{n-2f 


j +01 (1) +o(||u|| 


whence 

n — 2 _ in n + 2 P 4 

and therefore 

coa^ = Cq " + —^ J + 0^(1) + o(||u||^). 

We conclude 

2 . 

J{u) =4n(ji — 1)cq 

+ J Lg„vv - 4n{n - J + oi (1) + o(||wf 

2 . 

>4n(n — l)co 

+ c„y (^\yv\l^-n{n + 2) J + o i (1) + o(||z;f) 


and thus by means of proposition 


J{u) > 4n(n — l)cg + oi (1) + c|| 


But J{u) < J{uo) = ^n{n— l)co + O(^) and therefore 

||uf =01+1 (1) 


(6.145) 


(6.146) 


(6.147) 


(6.148) 


(6.149) 


(6.150) 


(6.151) 


(6.152) 
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remains uniformly small during (0,T). Finally we infer from (16.1481) . that a 

_ ^-2 

remains uniformly close to Cq , in particular 


4 

rQ !"-2 iF(a) 
4n(n — l)k 


a"-2 J(u) 
4n(n — 1) 


+ o(ll«ll) 


=a"-2Co" +0(||a|| + ||?;||) + oi(l) 
=l + 0(||a|| + ||u||) + o.(l), 


(6.153) 


whence 


ra^-^ K{a) 
An{n — l)k 


(6.154) 


remains uniformly small. This completes the proof of T = oo, which is to say, 
that u remains in 14(1^ s). Turning back to (16.1331) we then get t > t as t — > oo, 
whence according to (16.1341) 

^ > ct. (6.155) 

Finally (16.1191) and (I6.122p show 


dt\\a\\^ < -c 


1^ 

A2 


0( 


A 




A2 


i||A 


(6.156) 


Since A||a|p and therefore A||a|| as well remain large we obtain 

dt In ||af < -c^ + 0{\5J{u)\^), (6.157) 

whence due to (16.1191) and (16.1201) 

adnllaf < -c^ + 0 (|W(m)|2) = -cdtlnX + 0{\SJ{u)f) (6.158) 

A 

Therefore A —>■ oo implies ||a|| —^ 0. □ 


7 Appendix 


Lemma 7.1. 

4 

Let (M”,(;o) be a Riemannian manifold, g{t) = M'^(t)go) m > 0. There holds 


ft) 

fti) 


dg,g = u^-^dg,g 


gTlg = g„Tl^ + -^u-ftd,u5^ + d,usf - 
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(in) 


(iv) 


Rij,k =R\.j,k + - '^lpug^’^9j,k 

-yl,u5i + ^lpug^-^9r,k] 


2n 


{n - 2)2'“ ^['^i'^^kuSj - ViuVpUg^’Pgj^k 

- VjuVku5\ + VjuVpug^'^gi^k 

+ -\Vu\^gJ,k5[--\yu\^g^,k5]] 

n n 


Ri,k — Ri,k 


n — 2 


'-[{n - 2)vhu - Augi^k] 


n — 2 


u ^[nViuVkU-\VuYgi^k] 


(v) 


n+2 n+2 

R = Rg = [—CnAw + RgoU] = Lg^U^ 1.6. 


^90 

n + 2 


^Lg„(uv) = Lg{v) 


(vi) 


and for dtu = —^{R — rK)u we have 


dtR = CnAg^ + -^{R-rK)^. 


R 

‘k- 


Lemma 7.2. [Local hound and higher integrability, cf. Theorem A.I.] 
Let P G C°^{M), p > and r > 0 small. 

There exists C = C(j), r) such, that for u > 0 solving Lg^u = Pu with 



(B2r-{xo)) 


< 


2n Y{M,go) 
n — 2 p 


we have 


l|w||Lgo(B.(xo)) < 

^90 


{B2r{xQ)) 


Proof of lemma \3.8[ 

A straight forward calculation shows 


A,„(- 


A 


1 + X^lnGl 


—)^ -7n(^)^|VG,|^^Ga 

- Z — n Ua 


+ 7nA(^)^Gr-A3„Ga, 

Ua 


(7.1) 
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which is due to 


|VGa|2 Ga^-" = (n - 2f\VGi- \l and Ag^G, = + 


(7.2) 


where Sa denotes the Dirac measure at a, equivalent to 


As„(-=n(2-n)7n(^)^|VGr’‘lL 


1 + A 27 „G^ 


Cn '^a 


(7.3) 


Since Lg^ = —c„Ag^ + Rg^ with c„ = we obtain 


T V^a,A . / .. N / T’ojA \ i+l |v7/o2^|2 

=4?^(n-l)^)»-2 7n VGa g^ 

Ma Ua 


I n ^o.Xf-1 \ 2 —Ti / A \ —\ 

+ i?3„^(l-A7„Ga (-7^)"-”) 

'^a 


Ua 


Ua A Ua 

By conformal invariance, cf. lemma iTdl we conclude 


(7.4) 


'n +2 

T r 

-^go^a^X —"Ua J-'ga 


n + 2 1 ?/ ^ ^ f? n 

Ir7/^2^|2 I -itpa _Trr2 


=4n(n-l)<p:r7„|VGr"|^^ + 


-<Pa,A 


(7.5) 


in particular Lggipa,\ = 0{(p2x)- Expanding 

1 


Ga = 


4n(n — \)ujn 


i'I’a "" +Ha), Ta = dg^{a,-) 


(7.6) 


we derive 


7n|VGr" 1^^ =|V(r„(l + r:-^Ha)^)\i 

= |Vra(l + ^r^-^Ha + Oi\r:-^Ha\^)) 
2 — n 

+ rai-r^-^VraHa + ^^r^-^VHa 
2 — n 


+ 0{\r:-^Ha\\VK-^Ha)\))\l, 


whence 


(7.7) 


7n|VGr" \l =1 - ^{{n - l)Ha + radrMrr' + o(r-r")- 


(7.8) 
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Thus we conclude 


Lqq iPa,\ 


=4n(n - 


2nc„((n - l)Ha + radr^Ha)r^ ^fa,\ 


+ o{r 


n-2 

a 



) + 


Ua ^Qa 

A 



(7.9) 


For Rg^ = 0(7-2) ^ _i|H^(a)|2 cf. [^. □ 

Proof of lemma Iff.51 

These kind of expansions are well known, cf. [5]. Using but just slightly modified 
bubbles we nonetheless repeat their proves. 


(i) We have 


so 


(0/c,Ofc—1,2,3 —(T^I; .. 

-Xi 


and 


and 


h,i =Uai{- 


Ai , 


1 + Af 7^0,^-" 


02,i — 


n - 2 XjinGlr - 1 

^ilnGai " + 1 


-'fi 


TL ‘2 ^i^n^aiGa^ ^ a^'^ai 

03,z — "iZ ^ai 2 V^z ^ ^ 


1 + ^iJnGai 


•2 -r t \ 

2-n UaiM 


Note, that in x ~ exp^^ x coordinates 


InGai " {x) = 7-2 + 0(r"'), 


cf. definition 13.21 and 

In (Va. GlT) (x) = -2x + 0(r"-i). 


Moreover Uoj = 1 + 0(r2). The assertion readily follows, 
(ii) (a) Case k = 1 

We have (j)k,i = tpi for fc = 1 and thus for c > 0 small 


‘fz = 


A, 


l^XhnGl 




+ o{^). 


(7.10) 

(7.11) 

(7.12) 

(7.13) 

(7.14) 

(7.15) 

(7.16) 
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By definition 13.21 one has passing to a; ~ x coordinates 




Bc{0) 


BcxAQ) 




( 7 . 17 ) 


(/3) Case k = 2 

The proof runs analogously to the one of case k = 1 above yielding 


C2 =- 


(n — 2 )^ f |r^ — Ip 


_|_ ip2'jn-\-2 


(7.18) 


( 7 ) Case k = 3 
We have 


^k,i — 


2 Tl XiAn^ai^ai ^ai’^a 


0 2 ^ •, 
^ 1 I \ 2 -, /^2 —n 




(7.19) 


1 + Xf"/nGai 

2 

whence using 7n(VaiG'a“" )(a:) = —2x + 0(r"“^) and Ua^ = O(r^) 

^ in-2r 




(l + r2)"+2 +<^(3^ + 3|) 


-C3 + '^( 3 (ir :2 + 


(hi) (a) Case k = 1 

Due to lemma 15751 and case (v) we have for c > 0 small 

Lgo'fiiPj 


(7.20) 


* rt + 2 

J 4n(n-l) 

Bc{ai) 


+ o(eij) 


Lgo^i^j 


(7.21) 


+ o(£^7i)) 


J 4n(n — 1 ) 

whence by f Lg^ifiipj = J (piLg^ipj and backward calculation 

n+2 f n+2 

‘pr^v’j = / + 0 ( 6 , 7 ). 


(7.22) 
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Thus we may assume ^ We get 


' "t +2 r 

j (- 

Bc(ai) 


A,: 


1 + ^^InGa 


A, 


1 + A27„G^ 




Sa; 


(7.23) 


+Q( ij - 


n + 2 

A," a; 


_ n+2 _ n-2 

Clearly Aj ^ A^ ^ = 0 ( 6 :^^ ) and in a; ~ ( 2 ^) coordinates 

UaM) = I + 0{r'^) and 7 „Ga 7 " (x) = + 0(r"), (7.24) 

whence using case (v) 


* n + 2 

‘pr" Pi = 


/ 

ScAdO) 

( 


^aj (^i) 


( 1 +^ 2 )^ 


' + K^jlnGaj (exPg^ ) 


\/ N 

-) 2 -\-o{eij). 


Due to ^ ^ we have 


^ ^i^j^nGgQ or 


^ A, 


(7.25) 


(7.26) 


and may expand on 

X 


A = 


A.' 


< ev InGaj " (a,) 



1 ^ 

11 

u 

— 

< e— 

['Az 



cBeA.(O) (7.27) 


for e > 0 sufficiently small 


+ K^jlnGl^ " (expg_^_ 


A. 


-A, 


— (t -h AiA^-ynGoj " ifli)) ^ 

A 


2 - n 7 nVGaV- (a,)A,-x + 0(^|xn 
(■^ + ^AjlnGaj " (Oj))^ 


Thus by (17.251) 


(7.28) 


* ^+2 ^ 

Pi ~ + o(ei j- 

fc=i 


(7.29) 
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with 


h = 


UaAai) 


and 


and 


and 


h = 



Ja (1 + r2)”4^ 


r VG^{a,)XjX 

(4- + A,A,7nG^(a,))t 

U (l + r2)'^ 

Uajiai) 

f o(^N2) 

(yj + ^i^j^nGaj ” (Oj)) 2 

Ia (l + r^)^ 

f Uaj{ai) 1 

nd-2 1 

1- 


^ (7.30) 


(7.31) 


(7.32) 


(7.33) 


Note, that since A* > Aj, Al tends to cover R” as eij —>■ 0. Thus 


h =bi- 


Ua^{ai) 

-(7 34) 

(■^ + ^i^jlnGaj ” (Oi)) ^ 

whereas /2 = 0 by radial symmetry and I 3 = o{eij). Moreover 

l 4 = o{eij) (7.35) 

2 

in case ~ 4^. Otherwise we decompose 

(7.36) 

where for a sufficiently large constant E > 0 


Bi =[£V7nG=-” (a,) < l-l < i?V7nG=-” (a.)] (7.37) 


and 


B. = 


[E^lnGll 




(7.38) 
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We then may estimate 


,1 f Ua,ia,) ^ 

''4 / /, . ON n+2 I 


^(l + r 2 ) 2 ^ + 


<- 






(7.39) 


(- 


1 + X^jlnGa^ " (expg„. f:) 


-)- 


f-|<BA/7nG„. "(a7] 


Changing coordinates via dij = ®^Pso 


Il<- 


G 


(^ + A.A,G.rK))^ 


<TT7^)' 




(7.40) 


and thus ll = o(eij), since we may assume Xj <C A^. Moreover 


^4,2 = 


4aj (^i) 


B2 


^-(-^-)' 

(l+r 2 ) 2 


<- 


C 


{^ + XiXjJnGaj " {cii)) 2 


(l + r 2 )^ 


l\M>]j (a,)] 

=o{eij), 

2 

since X‘f^nGa~'' (ai) » 1 in this case. Therefore 


74 ^^ 4+74 — o(eij). 


Collecting terms we get 

/ n + 2 

(p"~^ipj =/i + o(ejj). 

Due to conformal invariance there holds 

Gajip,j)0‘i) — {cii)Ug^. {aj)Ggg{ai,aj) 

and we conclude 


(7.41) 


(7.42) 

(7.43) 

(7.44) 


• n + 2 

+””Vj =- 


bi 


( ^ . 4 “ XiXj^nGgQ (Ui^CCj)) 


+ o(eij). 


The claim follows. 


(7.45) 
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(/3) Case k = 2 


First we deal with the case ^ For c > 0 small we get 


-Xj j (/?" 

n-2 r 


A,- 


n-\-2 • 


Bc{ai 


1 + X^^nGi 

A, 


1 + X^JnGa 


, n-2 X^'^nGaj " ~ 1 , 

-) 2 -L -- d^Xg 

X^JnGaj " + 1 


+o( L L )- 

A, " A. = 


_ n+2 _ n-2 

Clearly A^ ^ X, ^ = o(£ij), whence as before 


-Xj / ip; 


n — 2 


BcXiiO) 


Ua, (a,) A 27 „Ga". " (expg^^ - 1 

/ -< 0\ 2 
(1 + ^^) = X]jnG;riexpg^f-) + l 


(- 


+ X^Xj-fnGl^ " (expg„. 


-)' 


+ o{eij). 


Due to ^ ^ we have 


2 2 2 
g ^ AjAj 7 ^G j ) or g 




and may expand on 


Al=[ 


A,;' 


<e^lnGl 


- / M n , 1 

K)] U [| —I < e— 

y\j /\'i 


for e > 0 sufficiently small 


(7.46) 


(7.47) 


(7.48) 


(7.49) 
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1 


" (expg_^_ ^)) "2 


(exp f-) - 1 


.A, 


— (t-1" K^j'JnGaj " (di)) ^ 

A 


X^jlnGa, " (expg^. f-) + 1 
2 ^^ . . ^ 7 " ^'jlnGg, " (g,;) — 1 


A^7nGaj " (fli) + 1 


+ 


+ 


+ 


2 — n 'Yn^Gaj (o,i)XjX X'j^nGaj (o-i) 1 

(■^ + XiXjJnGaj " (o-i))^ X^JnGaj " (Oi) + 1 

2 

2 ^n^Gaj (eii)XjX 

(■^ + XiXj^nGaj " (Oi))^ 1 + X’j'JnGaj " (Oi) 

(■^ + XiXjJnGaj " (Oi))^ 


(7.50) 


By radial symmetry we then get with 62 = / 


( 1 + 1 - 2 )- 


n + ‘i 


-A, 


/ 


n+2 


hug-jai) 
+ AjA^ynGo^" 


2 



(a*) - 1 

(Oi) + 1 


-I- o(eij) 


(7.51) 


and thus by conformal invariance 


-A, 


b2(XiXj"fnGga {ai,aj) ^') 

‘fl ‘fj = — -31- - 

(yj “t” XiXj^YiGgQ (d-ifO/j^^ 2 
+ o(ejj). 


(7.52) 


We turn to the case ^ By the same reasoning as for (17.231) 


-A, 


n+2 r n+2 

V>r^d\,Vj =-Aj / +o(eij). 


(7.53) 
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For c > 0 small we get 


-Xj (fidx.ifi 


n+2 

n-2 


j'Tj 


n + 2 


-B. 


/ ^^ 

{ai) l + ^i7nGa 


+ 0 ( 


i(-^ 

1 + X^JnGaj 

hr), 


-y 


n+2 X^^nGaj " — 1 


n + 2 

a: 


xj^nGy " + 1 


dflg 


(7.54) 


whence 


-Aj J (p^^x^^PJ 

n + 2 f 


n+2 

n-2 


— 1 1 1 

- ( - )■ 

r 2 + 1 '' 1 + r 2 ^ 




(7.55) 


_ ngj (Qj) _ 

+ A*Aj7„Ga"r" (expg^^ 



n+2 

2 


o{£i,j)- 


We may expand on 


Al =[|f < U [if I < 4 

Aj Aj Ai 


for e > 0 sufficiently small 

.A 


(^ + +A,7„Gl-"(exp^^.f))^ 

= (f + XiXjJnGai " (Oj)) ^ 

2-n TnVGa”” {aj)XiX + 0(^|a;[ 

H- - - 

^ (f + \^jlnGai" (Oj))^ 


(7.56) 


This gives with indeed 62 = ^ / 


n+2 
a-2 ' 




2 J r2 + l V i+r2 

na,(+) 


(■^ + AiAj7„Gai ” (oj)) ^ 


(7.57) 


+ ^(eiy) 
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and we conclude by conformal invariance 




b9 

=— -^ 

(■^ + A^Aj-ynCgg {ai,aj)) 2 

+ o(eij). 


(|7.52l) and (17.581) then prove the claim. 
( 7 ) Case /c = 3 


(7.58) 


First we consider the case ^ < j-. For c > 0 small we get 


1 f ^ 

/'■ 


2 — n 


A, 


Xi 7 n+2 Uaj 

- —) = — 

2 ^, /^2-n Ua 


(- 


. ^-2 ^j^n^ajGa 


2 ^ (7.59) 


1 + ^'jJnGa 


+ 0 { 


I ^ aj Uaj I 

K I IV’j 


1 1 




1 + ^^jlnGaj 


ga. 


Bc{ai) 


q, \ . 17"^ ' n-^2 n_2 . 


Due to case (?;) we obtain passing to x ~ ®^Pga coordinates 


1 f ^ + 2 


2 — n 


B^xJO) 


(- 


Ugj(a^) \- 7 nVa,Gl. " (expg^^ ^) 

1 , n-2 


(7.60) 


+ W-igGl, " (expg_^^ ^) 


) 2 +o(£jj). 


Since 


2 2 2 

~ AiAj 7 „G'^(ai,aj) or e"“" - ^ (7.61) 

'An 


we may expand on 


Al =[|f I < evV?!rK)] U [if I < ef] (7.62) 

Ai Ai Aj 


no 

















for e > 0 sufficiently small as before to obtain 

1 

X 

= — 63 


1 f 

■'J J 


Ugj (dj) _ ajGgj (Oj) (7.63) 


(■^ + AiAj7„Go3 ” (oi)) 2 i + ^jJnGaj " (cii) 
+ o{eij) 


with 63 = 22^ /- ^ . This gives 


(l+r^) 2 


1 f 


X' 


</5” "Va.-T’i = -^3 


ajGaj 

(■^ + AiAj7„Gaj " (oi))V (7.64) 


whence by conformal invariance 

2 

aj Ggo (^ii ) 


1 f 


( H“ ^i^j'Jn.GgQ (a. 2 ,(Zj ))2 


+ o(£i,j)- (7.65) 


We turn to the case ^ As before 

1 f ^ + 2 \ f n + 2 

^ =— / ^o{eij) (7.66) 






and for c > 0 small we obtain by arguments familiar by now 


n + 2 


n + 2 
n-2 


1 


B.x,(a,) + + ^^>'3lnGlr (exp^^. ^) 

2 

Uai{^j)\j'Jn^UjGaj (exPg^^ ^) 


(7.67) 


(1 + +)^ 


+ oiSij), 


whence 

1 




n+2 

n-2 


—(n + 2) J 


Bc\ 2 {O'j 


Uai{aj)x 

/H o\ ^+4 

(1 + r^) 2 


(7.68) 


+ K^jJnGai (expg^^ ) 


+ o{eij). 


Ill 



Expanding on 


^ =[|f I < e^lnGi-{a,)] u [if I < e|] (7.69) 

Aj Aj Ai 


for e > 0 sufficiently small we derive 




‘/SjVa.V?" =^3 


^^2 T ajGai i^j') 


(^ + K^jlnGaj " (Oi)) ^ 


+ o(e,,,) (7.70) 


with indeed 63 = f 




_ ajGgg (ttijUj) 

<P*Va,-(/3- = 63 - 


(yj + ^i^jJnGgg " (oi, aj))'2 
+ o(£ij} 

by conformal invariance. From (j7.65|) . (I7.7ip the claim follows, 
(iv) Due to (17.lip . (j7.12p . (17.1311 and 

InGlr =r^ + O(r^), 7nVa,G!r = -2x + 0(r"-i) 
cf. definition 13.21 we have on Bc{ai) for c > 0 small 
(a) 

^ 1 .* ,^' 2 ^ 2 )"^+Q(^"~"( i ,^' 2 ^ 2 )"^) 


(7.71) 


W) 


(7) 


{‘P) 


1 + Xfr 


1 + Xfr 


n — 2 — 1, A 


02 .i =—— u, 


2 Xfr^ + r 1 + Xjr^ 


( _ 1:1 _ Y 

I \2„9' 


+ _ — _I'^'l 

^ ^ 4 + A2r2^ ^ 


n — 2 XiX Xi n -2 

h,i = - 1 ^ ( 1 ^ ^ 2^2 ) ^ 

„n- 2 / ^ 




4 4 \. 

7732 7730 / 


Ai 1 + A^r 2 ' 


»>.- =“"■■■ (Y^7f5;3)" + 0(-'"-“(Y:;^f). (7.76) 


(7.72) 


(7.73) 


(7.74) 


(7.75) 
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Consequently 




I Bc{ai 


/Be (0) 


Ar 

n —2 ^ \ n —2 ^ 


4x7(7^?)” + 0(Ti) = 0 (tiL). 


J r2 + 1 1 + ' ' 'A” ^ 

since the integral above vanishes. Alike using radial symmetry 

f ^ f ^ 11 

J 4)1,if i ''4)3,1, J 4>2,ifi 4)3,i =0(^„_2 + 


(7.77) 


(7.78) 


Moreover we have readily have 

f n +2 1 f _ 2 n^ 1 n-2 

/ fr"4)k,^ = / fr" =5ik + oi- ). 


(7.79) 


(v) Let a' = /?' = so a' + /3' = n. We distinguish 

(a) £i,r ^ ^ ^ X,\j-tnG^(a„aj) 

We estimate for c > 0 small 


f?f- 

<c / (T^r'i 




^ 1 + X'jjnGaj ” (exp^. a;) 




Be(0) 

+cA / ( 


Af' J M + A2r2 

Be(0) 


=G 


1 


r)“(- 


— —) 

Af Af ^ 

1 


Bf.(o) A* + AiAj7„Gaj (exp^. ^.) 




Af A” 


Bc\, ( 0 ) 


Thus by < G^^ we get 


(7.80) 


ot /3 


1 


(w^r( 


1 


Be>jo) f + AiAj 7 „Ga A (exp^. 


f (7.81) 
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This shows the claim in cases 


(/ 3 ) 


A A ^ A 

T T H“ AjAj'YnG^^o T ^ 3c. (7.82) 

Aj Aj 

Else we may assume d{ai^ aj) < 3c and 
A ■ A 2 

T “t“ T ~\~ ^i^j'^nG qq {(Xi^aj) \i\jd {jXi^aj). (7.83) 

Ai Aj 

We then get with B = [^d{ai^aj) < |^| < 2d{ai^aj)] 




<c ( 


1 




f+Oiel^) 


<C\ 


1 


1 


1 ~h I \id(^ai , Qj ) I 


+ 0(sIj) 


<c 




|f,|<4d(a,,a,-)] 




(7.84) 


(1 + |Aj(i(ai,aj)p)“' 


[r<4:\jd{ai,aj)] 

Note, that in case Xjd{ai,aj) remains bounded, we are done. Else 


<c 


(^)/5'-"(A,d(a.,a,))-2/5' 


(1 + \Xid{at,aj)\‘^y 


'> - 1 " 0{e7 x 


<C{ 


1 “t“ \Xid(^Cli^ Q.jy‘^ /\j 


f-^+p\^f + o{ely 


(7.85) 


whence due to a' > ^ the claim follows. 


i.i Ai • 

We estimate for c > 0 small 


Ol 0 


<C / (--^- r\^TZXlf 

(0) ^ + KXjlnG^r (exp,, (f-)) 


1 _|_ ^2 


+ ( 


A,, 


Af 7^.(0)^!+ Afr2 




(7.86) 


which by /b,(o)(t+^)“' < gives 
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7 <■ 


r'iT^f (7-87) 


+ o(e^7- 

By assumption d{ai,aj) < whence we may replace as before 

7 nGa"r"(exp (^))~ci2(a*,exp„^(^)) on Bx^c{Q). (7.88) 


Thus for 7 > 3 


/ <: 


r (ttt3)' 


[7^<k|<Ajc] 


+ AiAj(i2(ai,exp„ (f-)) 1 + 


A, 1 + G 


,o ,<^r775'“'<T77>'’' 

•^[7—<kl<Ajc] y-+ x"^ ^ ' 

\j Aj 

since for \x\ > 7 -^ we may assume using d{ai,aj) < ^ 

X T 

d{ai,exp^.{—)) >—. (7.90) 

'^j '^3 

Therefore 

[ ^^(h)^ [ ^ r--2" + 0(4-) = Oiel^). (7.91) 

J Ai 

(vi) By symmetry we may assume y- < 7" thus 

£jj ~ — V £^~ ^ \iXjJnGgo (OijQj) (7.92) 
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We estimate for c > 0 small 


n-2 n-2 


<C / ( 


A* 


r)^( 


Be(0) l + A^r^ i + A 27 „Gaf"(exp„,x)' 


+ C 


■J i 

JBJO) - 


A? JB^io) 1 + A?r2 




A/ Aj 


(7.93) 




-)’ 


^+A.A, 7 nG-"(exp,,(^)) 

+ Oi\nXje^). 

Thus in cases 

A A 2 

T H“ T T qq (ujjQ-j) — or d,(^Q,i^ Qj^ ^ 3c (7.94) 

Ai \j Aj 


we obtain 

<C In + G In < C H\X,)eJf, (7.95) 

J 

thus f (piipj = 0{e"J^ InCj j). Else we may assume d{ai,aj) < 3c and 

(7.96) 

We then get with B = [^d{ai,aj) < |^| < 2d{ai,aj)] 


-f- -f- XiXj^nG ^ ^ ^ XiXjd (^(ZijCij'). 

Ai Aj 


n —2 n —2 


<c/(^)-(^ 


+ AiAjd2(aj,exp„.(^)) 




+ 0 (e"-Mn£ij) 




'zj 

1 

1 ~h \Xid(^(li^ 


/ 'igW>- 

|f-|<4d(a,,a,-)] 


(7.97) 


+ 0{er^j " ln£ij) 

<G(- - -)f(^)f f (— —)1 

+ \Xid{ai,aj)\‘^ ^Xj J ^1 + r^ 

lr<4\jd{ai,aj)] 

+ 0 (£"-" ln£ij) 

<G£"/" ln(Ajd(ai,aj)) +0(£"-" ln£ij). 

The claim follows, as Xj < Xi by assumption. 
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(vii) £ij = 0{£ij) is trivial and Xid\.£ij = 0(£ij) follows readily due to 


2 — n ~ XiXjJnGgo {o-ijCLj) 

Xidx^Ei^j = Eij— -^-. (7.98) 


~X “1“ XiXj^riGgQ 


Last -^Vai£ij = 0(£ij) follows from 


1 2-n 

Vai^iJ — ^ 


Xj^n^aiGgQ ((2j,Uj) 


A. 


(7.99) 


\j \i ~X XiXjjnGgg {ai,aj) 

immediately in case d{ai,aj) > c > 0. In the contrary case we estimate 
2 

Xj^n\X7aiGgg {ai,aj)\ 


< 


^ + AiAj7„|VajG|o " 


31- (7.100) 


a ) a ) d- XiXjjnGgg {ai,aj) X- XiXjjnGgg {at^aj) 

with the right hand side being bounded for d{ai, aj) small. 


□ 


Proof of vrovosition \3. fW Cf. Appendix A). 

Let us denote by w(e) any quantity, for which |w(e)| 0 and consider for 

u€V{uj,p,£) with £—>• 0 (7.101) 

a representation 

^ = ^a./3 + “Vai.Ai + (“> /5fc, at, di, Xi) e Au{uj,p, e), ||{i|| < e. (7.102) 

Since Au(uj,p,£) C Au(uj,p, 2£o) we have 

mf / Ku^lu-u~j-a^<p-,j^J^ =w(£), (7.103) 

(a,^k^^i,0'i,^i)GAu(uj,p,2€o) J 

whence we may consider {d, /3k,ai,di, Xi) € Au(uj,p, 2£o) such, that 

J Ku^\u - p - <5Va,,A. 1^ = (7.104) 

Expanding this gives in a first step 

J i4:(da; + dVa,.A,)^|uaj+ dVa.,Ai - «V5 ..aJ^ = w(e) (7-105) 

and using lemma [3?5] and proposition 13.81 we derive 

w(£)=j 

r ^ (7.106) 

+ 11/ - “Va^.A, I" 
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Consequently for at least one j = ji the quantity 


+ Y- 1 - ^jiXjnGgg " {aj^,ai) 

\i Aji 

has to stay bounded, whereas on the other hand 

\ X '' '' ^ 2 

£i,j = -^ ^ ^i^jlnGgg " (hi, Oj)) 2 < £. 

\j Xi 


(7.107) 


(7.108) 


Thus for any j = i,... ,p there exists exactly one j) € {1,... ,p} such, that 
Aj,. ^ Ai 


“t“ ~ “t“ ^ji^i^nGgQ (hj^,tti) 

remains bounded and we may assume ji = i. From this we deduce 


Ai Ajj 


(7.109) 


w{e)= (7-110) 


Note, that 


=|d-d |2 


J Kuj^-'^ + ^ jd/St — d/3ip y Koj^-^el 

+ [ Kuj^^\ah{$) — ceh{f3)\'^, 


(7.111) 


whence due to ||h/3|| = 0(||/3|p) we obtain 

J Ku;^\u^^^-u^^^\^>Gi\a-a\^ + \\P-Pr). (7.112) 

Moreover in normal coordinates with 

7 (r) = T{a^,a^, X^) + (1 - r)(di, hi. A*) (7.113) 

we have for some r G (0,1) 

/ da\ /a-a\ 

= j j (ci^y’a.A) L(a,a,A=7(0)) j h — h j 

\dxj \A-A/ (7.114) 


/ 92 

daVa 

dadx\ 

/a - 

''X 2 
- a\ 

+ Vadx 

a 

Vadx 

(a<7’a.A)L(a,a.A)=7(T) «“ 

- 

V 

dxVa 

di y 

Va- 

-xj 
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whence due to lemma [33] (i) and c < ^ < C we obtain 




di,Xi 




/ ai — cti 

Xi{ai - hi) I II 

V 


\i~\i 

Ai 


(7.115) 


=0{\di - djp + X‘^\a^ - Cip + |h_^|2)_ 


So lemma 13.51 (ii) and (iv) yield 

>C(|di - djp + Xi\ai - dip + |^ - Ip) + w{e). 


(7.116) 


Collecting terms we arrive at 

|d-dp + ||/3-^|p 


+ ^~~^(|di — dip + Xi\ai — dip + I"--Ip) — w{e). 


(7.117) 


Consequently, if we consider a minimizing sequence 

(d/,/3fc,;,di.i,di,i, Ai,/); C Au{uj,p,2£q) (7.118) 

for the functional 

J 7 fu^|M-%,^-dVai.AiP ( 7 - 119 ) 

with u G V{uj,p,£) fixed, e.g. 

^ + “Vai,Ai + (“> ^ A(w,p, e), ||z)|| < e, (7.120) 

then there necessarily holds 

{di,Pk,i,dij, ai,i,Xi^i)i C Auiuj,p, e + ic(e)). (7.121) 

for all I sufficiently large. Moreover, since A/,; oo is not possible due to 

^^-lp=u;(e) (7.122) 


Ai 


the infimum of the functional is attained for some 


{a,Pk,c(i,ai,Xi) G Au{u},p,e + w{e)) C A„(w,p,eo), (7.123) 
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provided e <C eo is sufficiently small. 

To show uniqueness we argue by contradiction and assume, that for some 

^ = ^a,/3 + “Vdi.Ai + {a,l3k,a^,di, Xt) € Au{lo,p,£), ||r;|| < e, (7.124) 

in other words for some u £ V{uj,p,£) with suitable representation there exist 


/?/c ; 5 7 Xi^ 7 (c^7 i^k j di ^ Xi') £ Ay^ (^UJ , p, STq) 


such, that 


inf 

Oi,(3,6'i,ai,Xi 


Ku«-^\u - 

Ku^\u - Ua,j3 - aVoi.Ai \'^Ku^ 
Ku'^ |m — u-j — aVsi^Ai 


By what was shown before the quantities 

A=\a- a|, Bk = \Pk - /?fc|, 

1^2 ^21; 1"^ l|; 

are well defined and we will prove the proposition by showing 


A,Bk,Ai,Di,Li = w{e) 


(7.125) 


(7.126) 


(7.127) 


(7.128) 


and 


m p m p 

A + 'y ( Bk + 'y ( Ai + Di + Li = o{A + y ( Bk + y ] Ai + Di + Li). (7.129) 

k—1 i—1 k—1 2—1 

The first statement if rather obvious. Indeed (17.1171) shows 

|a — dj, |a — d| = w(e), (7.130) 


so ^ = w{e) and the same argument applies to Bk, Ai, Di, Li as well. 
We are left with proving (17.1291) . Note, that 


‘Ldi.Xi 


A, 


_)^-«a,(- 

1 + X^j"fnGaj " 1 + XjJ„G~ 

2 

Ua, ,Xj 1 + X'^JnGaj " . n-2 . 


(7.131) 


^^i+xhuGr 
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and therefore 


- ‘P-a.l, I < c{Dj + Lj)<pa^^x,. 


(7.132) 


First we make use of 

da j Ku^\u-Ua,l3- a\ai,Xi? = ^- 
Differentiating we obtain 

0= J Ku^{u- Ua,13 - a\ai,Xi)daUa,l3 
— J' Ku i^a,0 ^a,l3')daUa,/3 (d CT ) J' Ku ^ — 2 daUa,^ 

+ a*y Ku^{(p-,~^,-(fai,Xi)daUa,l3 

+ J Ku^v{daUa,l3 “ daU^^^), 

whence A = o{A + J2T=i + Yh=i + A + Li). 

Similarly we make use of 

dpk J Ku^\u - Ua,l3 - aVai.Ai 1^ = 0 

yielding Bk = o{A + YJk=i + Yh=i Ai + Di + Li). 

We proceed using 


(7.133) 


(7.134) 


(7.135) 


daj j |m - Ua,;? - aVai.AiP = 0. 


(7.136) 


This gives 


0=y Ku~{u- Ua,/3 - a^(Pai,Xi)'Laj,Xj 

= J - Ua,/3) + (5* - a*) J Ku^ ifa^ ,Xj <fai,Xi 

+ a*y Ku^ipa^,Xi{^a,-x, - ^ai,X,) 

+ y Ku^v{ipa,,Xi-V~a^;x,)^ 

whence due to (|7.132p and lemma 13.51 

/ 4 4 r n+2 

Ku^V’%,x, +LjKja;-^ J ^2-Xi{'La^:Xi -Va,,x,) 

m p 

+ o{A + ^ ( Bk + ^ ( Ai + A + Li). 

k—l i—l 


(7.137) 


(7.138) 
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Arguing as for (17.1151) we obtain passing to ga^ normal coordinates 


n+2 

ri-2 


n + 2 2 


T’a" = / ‘/"a" (+ “ +) 


/ r» + 2 1 . 


+ 0{Dj + Lj), 

whence according to lemma 13.51 (iv) we obtain 


J =o{D j + L j). 

We conclude 

m p 

Aj =o{A + 'y ^ Bk + 'y ^ Ai + Di + Li). 

k—1 i—1 

Analogously one obtains 

m p 

Lj , Dj = o(A + ^ ^ Bk + ^ ^ Ai + Zli + Li) 

by exploiting 


fc —1 2—1 


and 


using 


9xj j Ku^-^ \u - Ua,p - aViP = 0 


Vaj / A:m"-2 |m - - aVil^ = 0 


T’aj ,Aj Ai ,Aj Ai ^ 

= - J 7^a”Aj^i^>'i¥’ai Ai - 1) + + Lj) 


and 


f ^ I 

J ‘Laj ,\j ‘Laj Ai {'Paj ,\j — PhjAj ^ 

/ 4 ;[ 

Paj ,\j (‘'’“i Ai ) (+■ ~ + ) + o(Dj + Lj ) 

Finally we show smooth dependence. To that end consider 

F{u,{a,i3k,ai,ai,Xi))= / ATm^ |m - Ugj - dVa^Ai 1^- 


(7.139) 

(7.140) 

(7.141) 

(7.142) 

(7.143) 

(7.144) 

(7.145) 

(7.146) 

(7.147) 
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If {a, l3k,ai,ai, Xi) denotes the minimizer constructed for u G V{uj,p,e), then 




(7.148) 


Moreover in view of lemma 15751 we easily find, that 



(7.149) 


is positive, provided e > 0 is sufficiently small. Thus the implicit function 
theorem provides a smooth parametrization of 


CKj, Gj , A^)) — 0]. 


(7.150) 


This proves the statement. 


□ 
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